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Chapter 1

Introduction

The multiple zeta value is one of the most fascinating number in the literature of mathematics. It

is a real number associated to each index set k = (ky,...,k,) given by
1
C(k) = (k1 kyy oo n k) = Z k, ky k.’
0<my <mg<--<m, M1 My™ =1y

where all k; are integers greater than or equal to 1 and we assume k, > 2 to make the series

converges. This is a generalization of the Riemann zeta value

=3 4,
n>1 "
and Leonhard Euler was the first one to study the Riemann zeta values and the multiple zeta values
in the case r = 2. Among his many amazing discoveries the identity ((1,2) = ¢(3) is basic and
generalized in surprisingly various ways. Later, Micheal Hoffman and Don Zagier independently
and almost simultaneously initiated the study of multiple zeta values for general “depth” r. In re-
cent years, multiple zeta values have been studied by many mathematicians of various backgrounds
and they have found many remarkable relations among multiple zeta values. These numbers have
applications in various context in number theory, geometry, arithmetic algebraic geometry, knot

theory, mathematical physics, etc.

In 1999, Tsuneo Arakawa and Masanobu Kaneko [2] introduced a new function

1 [e’s) tS*l _¢
ki,...,k.;8) = Li 1—e ")dt
E(ky )= 507 | b =)

where 7, ky,..., k. € Z>y, s € C with Re(s) > 0, Liy, _j (z) is the multiple polylogarithm (see
Definition 2.2 for the precise definition) as a generalization of the Riemann zeta function. Later

this function is named as Arakawa-Kaneko zeta function. Arakawa-Kaneko zeta function provides



a connection between multiple zeta values and poly-Bernoulli numbers. Kaneko and Hirofumi

Tsumura (refer [12] and [11]) conducted a further study of the function £(k; s).

In this thesis, we study the level two generalization of Arakawa-Kaneko zeta function. Kaneko

and Tsumura (see [12, §5]) defined the level two analogue of £(ky,...,k,;s) as

dt

1 *© o 1A(kq,..., ks tanht/2)
ki,....k;s) = —

¢( 1 ) 7")8) F(S) /O smh(t)

for ky,...,k, € Z>; and Re(s) > 0. The function A(ky,...,k,;2) is the level two analogue of
Lig, .k, (2) (see Definition 3.2). We provide several formulas analogue to those of Arakawa-Kaneko

zeta function. We study the level two generalization ([12, §5]) of the zeta function. Its normalized

version is defined as

1

kq ko_1 s’
0<my <-+-<m,, mq=--- mT_l m,

T(kl, e 7k7”—173) =27

The values T'(ky,...,k,_1,k;), (k;j € Z>1, k, > 2 ) are called the multiple T-values. We obtain

several relations of ¢ function and the multiple T-values.

Secondly, we introduce and study the level two analogue of poly-Bernoulli numbers which are
named as polycosecant numbers Dflk) (Yoshitaka Sasaki 2012 [16]; Masanobu Kaneko-M.-Hirofumi
Tsumura 2019 [10]). For k € Z, the polycosecant numbers Dﬁlk) are defined by

Ak(tanht/Q) _ iD(k)ﬁ

sinh ¢ " opl’
n=0

where Aj(z) is the polylogarithm function of level two defined by

e8] 2n+1

Ap(z)=2 (z€C; |z|< 1).

—(2n+1)"
We give several relations among polycosecant numbers such as explicit formulas, duality relation,
etc. Further, we define multi-indexed polycosecant numbers and generalize the formulas for poly-

cosecant numbers.

This thesis consists of four main chapters. In Chapter 2, we review poly-Bernoulli numbers and
Arakawa-Kaneko zeta functions. Mainly, we present the formulas that we want to generalize. In
Chapter 3, we introduce the polycosecant numbers. We present our main results, obtained for
the polycosecant numbers. We also give a congruence relation for finite T-values. In Chapter 4,
we obtain certain formulas for Arakawa-Kaneko zeta function of level two, corresponding to the

formulas of the original Arakawa-Kaneko zeta functions.



In the separately submitted reference paper [15], we study Mordell-Tornheim zeta values defined
by

1
CMT,r(klw'wkr;kr—i-l) = Z ky

% koo
myyem, >0 T "0 m," (ml +ot mr) T+

for positive integers. Mordell-Tornheim zeta values are a special class of multiple zeta values and
can be written as a linear combination of multiple zeta values. In [15], we present weighted sum
formulas for double Mordell-Tornheim zeta values. Moreover, we present a sum formula for the

Mordell-Tornheim series of even arguments.



Chapter 2

Review of poly-Bernoulli numbers

and Arakawa-Kaneko zeta functions

In this chapter, we recall some basic facts on poly-Bernoulli numbers, Arakawa-Kaneko zeta func-
tions and multiple zeta values. Our main purpose is to generalize these theories to “level two”

analogue.

2.1 Poly-Bernoulli numbers

k)

Poly-Bernoulli numbers (Kaneko 1997; Arakawa-Kaneko 1999) have two versions, namely Bﬁb and

C,Sk), which were defined by Kaneko in [7] and in Arakawa-Kaneko [2] by using generating series.

Definition 2.1 (Poly Bernoulli numbers). For any integer k € Z, the sequences of rational numbers
{B }n> and {C’ }nZO are defined by

szl—e ZB v

and

L’Lk Z k)t

where Liy(2) is the poly-logarithm function (or rational function when k < 0) defined by

(o9}
2"
Liy(z Z — (zl< D).

m=1

3

W



Since Lii(z) = —log(1 — z), the generating functions on the left-hand sides respectively become
te'
and
e —1 e —1
when k£ = 1, and hence Bfll) and C,sl) become the usual Bernoulli numbers with Bil) = % and
C’fl) = —%. When k£ > 1, we can define Bff) and C’,(lk) in the form of iterated integrals as
I LR I AR - t"
e A e ) s LR B
e —1Jo e —1Jo e —1Jo e -1 =0 n!
(k—1)—times
and . , . -
1 1 1 1 "
[ ) e =3B
e —1Jo e —1Jo e —1Jo e —1 0 n!
(k—l)ttimes

We recall the definitions of Stirling numbers. Stirling numbers that we use in this chapter are
the second kind, but we also define Stirling numbers of the first kind, which will be needed later.
Let (), =x(x —1)---(x —n+1) and 2™ = z(x+1)---(x +n—1) which are known as falling
and rising factorial respectively. Then Stirling numbers of the first kind is defined by

EESAE
K=o Lk
and Stirling numbers of the second kind is defined by

k=0

There are various properties of the poly-Bernoulli numbers. In ([7], Theorem 1 and 2) and ([9],

§2) we have the explicit formulas

—~  (i+1)" — (i+1)

(2

for k € Z,n € Z> involving Stirling numbers of the second kind, and the dualities

—k —n —k—1 —n—1
BH gl k=D Z oD

n

for n, k c ZZO

In [6], the multi-indexed version of poly-Bernoulli numbers is defined as follows.



Definition 2.2 (Multi-poly-Bernoulli numbers). For ky,...,k, € Z,

L’L'kl 1 —e

” kqyeeokr
L

and

L/Lkl’ Vk E Ckh )

6

where Likl,...,kr(z) is the multiple polylogarithm function defined by

. 2"
Lig, .5 (2)= Y. TR (JzI< 1).

When r = 1, the numbers Bff) and C,Sk) are the poly-Bernoulli numbers.

The following lemma is needed to prove many results, related to multiple poly-Bernoulli numbers

and Arakawa-Kaneko zeta functions.

Lemma 2.1. (/2]) (i) For r,ky,...,k, € Z+q,

d . TLigy g —1(2) (k> 2),
2o Lkt (2) —{ T '

=Lig, g (2) (k. =1).

(ii) Forr € Zwy,

S~

The following formula gives a relation between B Fiokr) and ¢%1kr)  The r = 1 case is given

in [2].

Proposition 2.2. (K. Imatomi, M. Kaneko and E. Takeda [6]) For any r > 1,k; € Z and n > 1,

we have
B;klv"'vk'r) — C(kla 7k ) + C(kl 'r 17k _1)

Imatomi, Kaneko and Takeda obtained the following recurrence relation for the multi-poly-

Bernoulli numbers. The r = 1 case is given in [2].



Proposition 2.3. (K. Imatomi, M. Kaneko and E. Takeda [6]) For any r > 1,k; € Z and n > 1,

we have

-1
1 Bk k—1) X ki ke
B(k17'-')k7>) — B( 1ooelvp—150p _ B( Lyeees 7“)
" n+1 " mzzl n

and
( ) D" [ N kb k1) S no\ A )
ki,..k.) _ T _1\m Toeees r—1:Rr—1) _1\m ki,....k,

where an empty sum s understood to be 0.

2.2 Multiple zeta values

In this section we mainly discuss algebric setup introduced by Hoffman. First, we define the

multiple zeta values.

Definition 2.3 (Multiple zeta values). For the positive integer set k= (ky, ..., k,) with k, > 2 for
the convergence, the multiple zeta values (MZVs) are defined by

1
Clkyyeyky) = Z R

The quantities wt(k) := ki + --- + k,., dep(k) := r and ht(k) := #{ilk; > 2,1 < i < r} are called
the weight, depth and height of the index set k of the multiple zeta values ((ky, ..., k,) respectively.

We say that the index k is admissible if k, > 2.

Definition 2.4. Let
'ﬁ = Q<xv y)

be the non-commutative polynomial ring in two indeterminates x and y. We refer to monomials
in x and y as words. For any word w, let [(w) be the number of y and |w| be the total number of

factors. We also define subrings,

' =Q+ys

and

9’ = Q+yHz

For any integer k > 0, put z;, = yxk_l. Then the ring 9 s freely generated by z;, (k> 1). When
k > 2, z, is contained in $°. But $° is not freely generated by z,,(k > 1). Now let us define the



evaluation map 7 : .60 — R by

Z(Zkl Zkr) = C(kb'"akr) (21)
Since zp, -+ 2, € 9° k. > 1, therefore, C(ky, ..., k,) is finite.

Definition 2.5. We define the shuffle product L on $ inductively by

lWw=wwl=w

U1 w1y L UsWo = Uq (w1 Ll UQU]Q) =+ UQ(Ul’U)l L 'LUQ)

for any words w,wq, wy € H and uy,uy € {x,y}, with Q-biliniarity.

The shuffle product is commutative and associative. We denote the commutative Q-algebra $
equipped with multiplication W by $),,,. Then we have that the subspaces $? and H' of § are

closed under L and become subalgebras of $, denoted by 55& and ﬁ&u.

The map ¢ : §’ S Risa @Q-algebra homomorphism on 5’_)&, that is,

C(kwl) = ¢(k)¢(1) (2.2)
for any admissible indices k and 1. This is called the shuffle product of MZVs.

Example 2.1. Let us find the shuffle product of the indices (1,1) and (2). Then we can write

2 2
Yy Wyr = (y" Wy)z+ (ywWyx)y
= (3y")x + (2y°z + yay)y

= 3y3x + 2y2xy + yxyz.
Then, we have

(1,1) w(2) = 3(1,1,2) + 2(1,2,1) + (2,1, 1).

2.3 Arakawa-Kaneko zeta function

In this section, mainly, we discuss some formulas of Arakawa-Kaneko zeta function that we want

to generalize as the level two analogue.

In their research, Arakawa and Kaneko [2] studied the single variable function

1
(ko ks 8) = > T —

0<my <<y _qg<my,, T My My



for the purpose of establishing the connection between multiple zeta values and poly-Bernoulli
numbers. This is absolutely convergent for Re(s) > 1. They have shown that the poly-Bernoulli
numbers can be expressed as special values at negative arguments of certain combinations of these
functions. Corresponding to these functions, Arakawa and Kaneko [2] defined the following zeta

function which is known as Arakawa-Kaneko zeta function as follows.

Definition 2.6 (Arakawa-Kaneko zeta function). For r,ky,..., k. € Z>y, s € C with Re(s) > 0,

we write

1t ;
ki,... k.5 8) = Li 1—e ")dt.
5( 1 ) rvs) F(S) /0 et_l Zkly“’»kr( € )

This function can be analytically continued to an entire function of the complex variable s € C for
ky,... k. € Z>y (2], §3 and §4). For r = 1 we denote {(k; s) by {;(s). Note that & (s) = s¢(s+1).
Poly-Bernoulli numbers appear as special values of Arakawa-Kaneko zeta function at negative

agreements. The following theorem illustrates these facts on Arakawa-Kaneko zeta function.

Theorem 2.4. [2] The function &(kq, ..., k,;s) is continued analytically to C as an entire function

and satisfies
Ekr,. o s —m) = (=) O (m € Zs)

fOT (kl,...,kr) S Zgl

Now, we define the dual index.

Definition 2.7. Let k = (ky,...,k,) be an admissible index of weight k. We write

k=(1,....,1,by+1,...,1,...,1,b, + 1),
N’ N !

a;—1 ap—1

with (uniquely determined) integers h > 1, a;,b; > 1 (1 < i < h). Then the dual index of k is
given by
K'=(1,....,1,a,+1,...,1,...,1,a; + 1).
—— ———
by —1 by—1

In [11], Kaneko and Tsumura obtained an explicit expression for £(k;m) in terms of multiple zeta
values. We introduce the following notations which will be needed in stating the following theorem
and for the later results. For j = (ji,...,J,) € Z5g, we set |j|=j; + -+ j, and d(j) = r and call
them the weight and the depth of j respectively. For two such indices k and j of the same depth, we
denote by k + j the index obtained by the component-wise addition, k +j = (k1 + ji, ..., k, + ),
and by b(k;j) the quantity given by

b(k:j) =] (k +‘7 - 1>.

Ji
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For any index set k = (ky,...,k,) € Z5q, let
k+ == (k17"‘7k7‘—1?k’r‘+1)‘

Theorem 2.5. ([11], Theorem 2.5) For any index set k = (ky,...,k,) € ZSy and any m € Zsq,

we have

Eksm) = > b)) ¢ (k)" +i),

ljil=m—1, d(j)=n

where the sum is over all j € Z5o of weight m — 1 and depth n := d(k}) = |k|+1 — d(k).

In particular, we have

§(k; 1) = ((ky).

Kaneko and Tsumura proved an Euler-type connection formula for the multiple polylogarithm.

Theorem 2.6. (Kaneko and Tsumura [11]) Let k be any index set. Then we have

L= 9= 3 Gk, 0= i),
K ,7>0

Jj— tlmcs

where the sum on the right runs over indices k' and integers j > 0 that satisfy |K'|4+j < |k|, and
Cx(K';5) is a Q—linear combination of MZVs of weight |k| — |K'| — j. For the empty index ), we
understand Liyg = 1 and |0|= 0 and the constant 1 is interpreted as a multiple zeta value of weight

0.

With this formula Kaneko and Tsumura established the following formula.

Theorem 2.7. (Kaneko and Tsumura [11]) Let k be any index set. The function {(k;s) can be

written in terms of multiple zeta functions as
Nf(s+g—1 .
5= > Ck(k/§])< ; >C(k';s +7),
K',j>0

where the sum on the right runs over indices k' and integers j > 0 that satisfy |k/\+j < |k|, and
Cy(K'; §) is a Q—linear combination of MZVs of weight |k| — |kK'| — j. When the index k' is 0, we
set (055 +j) = (s +j).



Chapter 3
Polycosecant numbers

In this chapter, we present our main results on polycosecant numbers. Each section consists of

newly obtained results such as duality, recurrence formulas, explicit formulas, etc.

In our research, we study the level two analogue of poly-Bernoulli numbers, which we also call

the polycosecant numbers (Kaneko-M.-Tsumura 2020 [10]) D,gk).

Definition 3.1 (Polycosecant numbers). For k € Z, the polycosecant numbers D,(lk) are defined by

o0

Ay (tanht/2)
D
sinh ¢ Z

where Ay (z) is the polylogarithm function of level two defined by

2n+1

—22 (z € C; |2|< 1).

— 0 2n+1

In particular, for k = 1, we have A,(z) = 2tanh™'(z). In this case, Dfll) becomes the ordinary

cosecant number D,, defined by

L=yl
sinht — Tnl’

Note that DS:L)JFI = 0 for any k and n > 0. In [16, Definition 5], Y. Sasaki introduced a slightly

different case of a generalization of the poly-Bernoulli numbers.

3.1 The duality relation

We present a duality relation for polycosecant numbers (see [10, Theorem 3.1]). Two types of

proofs are given in [10]. Here, we present the proof by using a generating function.

11
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Theorem 3.1. (Kaneko-M.-Tsumura [10]) For n,k € Zs, we have

p2k=1) _ pl-2n-1)

2n 2k
Proof. To prove the theorem, we define the generating function of Dén% b by
(—2k— 1) z" y%
ZZD '(Qk)!’ (3.1)

n=0 k=0

and show F'(z,y) is symmetric in z and y (i.e. F(x,y) = F(y,x)). This is ensured by the following
closed formula for F(x,y). [

Proposition 3.2. (Kaneko-M.-Tsumura [10]) Let

ex-i-y

G(z,y) = .
(@9) (14" 4 ¢ — "TY)?

Then one finds
F(‘Ta y) = G(JT, y) + G(l’, _y) + G(_‘Ta y) + G(—{L‘, _y)

Proof. We first compute the generating function of all Dg_k),

. Z Z —k
n=0 k=0
We claim that the formula

e’(eV — 1) N e “(e —1)

:L'7 — — —
f(x.) 14+e"+e¥ - 14e @ 4e¥ —e *tY

(3.3)

holds. To prove this, we first observe that, by definition,

fary) = Z A_(tanh(z/2)) y*

sinh z k!

= Z Z (2n+1) taunh(z:/Q))znJrl v

smh T

Noting that

d\* ¢ d\*/ 1 1
23 " (2n + 1)F ! = 2 (¢t Y P I 4
Z 1 ) 127 i) \1—¢t 1+t)° (3-4)

and by the standard formula (cf., e.g., [1, Proposition 2.6 (4)])

() = (&)

m=1



13

we find that the right-hand side of (3.4) becomes

Zk: {:;} " (cclit>m <1it N 1—1|—t) - mzi:l {:1} " ((1 —t:;m“ - (1(;2:“) '

m=1

Therefore, by setting ¢t = tanh(z/2) and noting t/(1 —t) = (" —1)/2, —t/(1 +t) = (¢ * —1)/2,
(sinhz)(1 —t) =e “(e" — 1), (sinhz)(1 +¢) = " — 1, we obtain

>y s
Smhl‘ Q-p™ @ +™ ) K

S5 (1)t €f1<€””;1>m—eil(”J?mﬂ’?

f(z,y)

0om
SerGEH () s () )
e (e’ — 1)(e® — 1) 1 (=11

=1 2-(—1)(~1) € —1 2-(/—1)e*-1)
e’ (e’ —1) n e “(e’ —1)
L+e® +e! =™ 14e™4e —e ™

This proves the identity (3.3). From (3.3) we see that f(z,y) is even in z, and so we have

f(SC y) oh 1) o 2n y2k+l
ZZD% ! (2k + 1)

n=0 k=0

Our generating function F(z,y) is the derivative of this relation with respect to y, and Proposi-
tion 3.2 follows from a straightforward calculation. And by the symmetry of F(x,y) in = and y,
Theorem 3.1 is proved. u

Remark 3.1.1. Hiroyuki Ochiai suggested a simpler method of proving the duality relation by

considering the exponential generating function

2n+1 2k+1

2k—1) T
ZZD?” (2n +1)! (2k:+1)

n=0 k=0

(k)

This method also leads to obtain a similar formula for Cj,

3.2 Recurrence and explicit formulas for polycosecant numbers

In this section, we obtain recurrence and two explicit formulas for polycosecant numbers. The

(k)

following proposition gives a recurrence formula for D, ~’ which can be derived in two ways by



14

using the definition and the iterated integral expression of the generating function. Here we only

consider the proof by definition.
Note that since Ag(tanh(¢/2)) = sinh(¢), D[()O) =1 and DSLO) =0 foralln > 1.
Proposition 3.3. (Kaneko-M.-Tsumura [10]) For any integers k and n > 0,
L3]

pl=1) _ ntl\pm
" A= \2m+ 1 n—2m

Proof. By the definition of polycosecant numbers we have that,

N3

Ag(tanh(t/2)) = sinh¢ 3 DB
n:
n=0

Differentiate with respect to t,
A, (tanht/2) Z k)t Z ¢l
T—CO ht D n'+Slnht D W

n=1

By using the definitions we can write the above equation as,

o] (k1) tn o] t2m o] ) tn o] 2m+1 o] -1
>0 fzfm!m G e
tTL
D
m=0n=2m ’
t’I’L
pt = 2
+Z Z n— 2m 2m + 1) (n—2m—1)' i (n =n+2m)
m=0n=2m
o 3] n e m
=33 (o) Py +zz (ans1) Py
n=0m=0
By equating the coefficients of % we can get the desired result. |

When k > 0, we may want to write this as

L]

1
(n+1)D® = p=1 _ <27; ++ 1>D§f_>2m (n > 0).
1

0[3

m=

Note that D{) =1 for all k € Z.

In the following theorem we obtain two explicit formulas for D( ). The first formula involves
Bernoulli numbers and Stirling numbers. The second formula involves Stirling numbers of the

second kind.
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Theorem 3.4. (Kaneko-M.-Tsumura [10]) For any k € Z and n > 0, we have

1.
L%J 2m+1 n 9 1 B
(k) _ p+q+1 n n—gq m+ p+q+1
DY~ SN 9P UL Do
:0(2m+1 . a/) | 2m p |ptat+l
and
2.

n+1
D) _ 1 i (=1)PTp! <p - 1> n+1
n — (2m + 1)k+1 2p—1 2mMm »

p=2m-+1

To prove the first formula of Theorem 3.4, we prepare the following lemma.
Lemma 3.5. Forn > 1 we have,

) - pe bt

m=1

Proof. We can prove this by induction on n. For n = 1 both sides equal to x%.

Suppose the formula is true for n. Then,

ot (AN (A (A"
dx dx dx

g[SSR ()]

m=1

m=1
n+1 n n d m
_ Z(_l)n—m—l-l n <x>
=1 m m—1 dx
n+1 m
1
_ ( 1)n—m+1 n + <.’Bd> .
m—1 m dx
Here we have used [Z] =0 (n#0) and = 0. This shows the formula is true for n + 1
n+
Therefore the formula holds. |

Now we give the proof for the first formula of Theorem 3.4.
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Proof of Theorem 3.4-(1). We write

iD(k)ﬁ _ Ay (tanh(t/2))
" onl

sinh ¢

_, Z (tanh(¢/2))*" 1 1
N (2m +1)F  sinht

m=0
_4 > 1 (el —1)*™ .
= (2m+1)k et+1)2m+2

Since

1 (=D A\ 1
(z+1)" nl \dz) z+1

we see by setting x = ¢' and using Lemma 3.5 that

e d\* 1
(et+ "“:n'z <dt> e +1

Hence we consider B,, = 07(11) (n > 0) defined by

t =
t = a
e -1 = ¢
Since
11 2
P L R
we have
o0 tq 1
=> (1-29)B,~—
e +1 =0 ¢!

By taking the p-th derivative of both sides, we get

(@) () - Z o easmm X0

q=p+1
and we substitute this in (3.7) to obtain

[e.9]

n
ntl — 1 Z [n] Z — 27

(e"+1) =0

7’L

(3.5)

(3.6)

(3.7)

2p+q+1) Bp+q+1 ﬁ
p+q+1g!

Bp+q+1 ﬁ
p+q+1¢
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ORI H —optret Dottt D
n:

g o p+q+1lql

From this, we have

t —(2m+1)t
e e~ (mt1)

(et + 1)2m+2 = (e—t + 1)2777,—‘,—2

oo 2m+1
Z S (-1 21l g geverty Bogn 1
2m+ 'qu—l P p+qg+1¢q!

s
Together with the well-known generating series ([1, Proposition 2.6 (7)], note that {2 } =0 if
m

s <2m)
(e' —1)*™ 2m'i{ } r
s=0 !

we obtain

e + 1)2er2
1 o oo 2mAl 2m+1 B pats
= SN ey |7 s | Boron 77
2m+1q=08=0 p=1 D om| p+ag+1q!s!
1 co n 2m—+1

2m+1

=22 > (FurTa =2 <Z>

n—=q| Bpign t"
P om | p+aq+1n!

Substituting this into (3.5), we have

oo n 2m+1

5 Qmwzzz -2t ()

2m +1

n=q| Bpigr1 t"
om | p+q+1n!

m=0 n=0q¢=0 p=1 p
~ L3 2m+1n—2m
—4y < 3O et ( 2m+1 {”—q} Bprg 17
Com | 1 kL I
—om—o 2m+ 1) = = 2m | p+q+1n!

n —
(We have used the facts that B, .1 = 0if p+¢ > 1is even and { ) q} =0ifn—q<2m.) By
m
equating the coefficients of t" /n! on both sides, we obtain the desired result [ |

We can easily prove the second formula of Theorem 3.4 by using the definition of the n-th tangent
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numbers of order k, T}, ;, for non negative integers n and k, by the generating relation (see [3, P.

259]).

tan t Z =

and the formula in [4, Proposition 9]

forn >1and k£ > 0.

Note that both T}, , and the sum on the right side of (3.9) are zero if n # k(2).
Proof of Theorem 3.4-(2). From the definition we have

Dol = MG = i)

d i (tanh 1t/2))2mJrl
“di = em+Mt

By using tanh¢ = —itan(it) and equations (3.8) and (3.9), we can write

n 4n

(tanh(t/2))™ = (=i)"m! > Ty o

— (" S Y (P {Z} -

=(-)" i Zn:(—wp;!? (51_—11> {Z} f:'

o] tn o] 1 o'} n (p+ 1)‘ p n+1 tn
i T L (-1 o
_iw | Z”: <—1>P<p+1>!<p> nt1) "

n=0m=0 (2m + 1)k+1 p=2m 2" 2m p+ 1 nt

By equating the coefficients of t" /n!, we complete the proof of the theorem.

(3.8)

(3.10)
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3.3 Multi-indexed analogue

In this section, we obtain formulas for the multi-indexed version of the polycosecant numbers. We

define the multi-indexed version as follows.

Definition 3.2 (Multi-polycosecant numbers). For kq,...,k, € Z, we define

A(ky, ... kptanh(t/2)) o= kgt
— D Loweslvp ) —
sinh t nz_% n n!’

where the function

is known as the level two analogue of multiple polylogarithm.

Here, A(ky,. .., ky;2) is 2" times Ath(ky,...,k,; z) which was introduced in [12, §5]. (Our A.(z)
is A(k; z)). We can regard D,(lkl’”"kr) as a level two analogue of the multiple poly-Bernoulli numbers
Bk ang (k).

The following lemma will be needed in proving our main results and also in later discussion. We
denote 1,---,1 by {1}, for the convenience.
N——

r—times

Lemma 3.6. [12, Lemma 5.1/

1. For k‘l,...,k’r GZZD

Ly pam o | A Bk 1) 2)
N yeeey Rps2) =
dt ' 1_222A(k17 s 7kr—1;z) (kr = 1)

2 A({1hi2) = I (M (2)) = S 1og” (12)).

We can obtain a recurrence formula for multi-polycosecant numbers as follows.
Proposition 3.7. For any index set (ky,...,k,) and n >0,

L5]
D(klv'“vkr—lvkr_l) - < n + 1 >D(k17"'7k7‘)'

n = om+1 n—2m
m=0

The proof of the proposition is similar to the single-indexed case. So, we omit the proof.
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Now let us discuss the process of the recurrence formula. By using the definition of A(k;z), we

have

r z
Alky, oo kpoy,052) =2 Z T E

0<my<--<m,. My My
m; =1 mod 2

2"z z
— 2 kl kr—l
l—=z 0<my <-—-<my,_q M~ =My
m;=i mod 2

2z
= A(kla"wk"rfl;z)‘

1—z

By using the definition of multi-polycosecant numbers, we have

i D(klv"'vkr—lvo)ﬁ — A(k17 ot 7k7‘—17 07 tanht/Q)
" n sinh ¢

o0 tm
—sinht 3 plfreten

A m!
m=
— = 2q+1 - D(klv“'vk'rfl)tm
N Z (2¢ + 1)! Z " m!
q=0 m=0
00 00 l
_ Z D(kli"wkrfl)ti
— 2 q+ 1 1—2q—1 I
- _

Z i (k:lv""kr—l)ﬁ
2m+1 Dnom— n!’

n=0 m=0

By equating the coefficients of t" /n!, we get

-1
7l
(k17"'7kr—170) n (klv"'7kr—1)
Dy, - Z ( )Dn—Qm—l
= 2m +1
(kl’ »k'r 170)

From this we can see that the Dy,

foil’ wkr—1) for0 <m<n-—1.

can be written as a simple linear combination of

Let us look at the algorithm to compute the D;’“h“"’“):

e Step 1: Set the initial conditions:
DY =1, D =0 for all n. > 1, DI =1, for all k> 0 and D =0, if dep(k) > 1.
e Step 2: For n > 0, we use the following recurrence relation to calculate Dﬁlk).

5]
(n+ 1)D(k17 ) ) D(kl? v — l’k _1) o < n+ 1 >D(k17"'7k7‘) . (311)

3

om + 1 n—2m

m=1
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This gives a way to express ng) in terms of multi-polycosecant numbers with equal or lower

weights and n.

e Step 3: We will use the above formula repeatedly until we get all the numbers satisfying the

initial conditions or in the form of D(kl’ - 1’0)

e Step 4: Once we obtain a number in the form of D(kl’ or—1.0) , we will use the following
formula.
[ ) S n I
Dyt = N (2m+ 1>Dn_1’2',;;_ql : (3.12)
m=0
(klv k;rflvo)

This will give a way to write D, in terms of a simple linear combination of

Dgfl’ k1) Gith 0<m<n-—1.

o Step 5: If we get all numbers satisfying the initial conditions, we use the backward substitu-

tion to obtain the desired result. Otherwise repeat the process.

2,1,3)

Example 3.1. Let us find the Dg by using the above algorithm.

By using equation (3.11), we have
1
D§2,1,3) _ L (D§2,1,2) _ D62’1’3))

1 2,1,1 2,1,2 2,1,3
(5 (o= 017) —01)

1/1 2,1,0 2,1,1 2,1,2 2,1,3
(3 <3 (D — DY) - pf )> - D )>.

3
1
3
1
3

By using equation (3.12)

D§2,1,0) _ 2D§2’1) _ D§2’0) _ D(()2)

(k)

together with the initial values of D’ gives

We obtain explicit formulas for the multi-index case as below. We write the multiple polycosecant

numbers as finite sums involving Stirling numbers.

Theorem 3.8. 1. For any index set k and n > 0,

m, n—m,+1

Dék) — grtl Z - 170 e Z Z 2p+q+1 1)<n>
Mye_1M

0<my <--<m,_j <m,<n+2 T *" p=1 q=0 q
¢ (mod 2)

m;=
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Bp+q+1
p+qg+1

n—gq m,
X
m, —1 P
2. For any index set k and n > 0,

P _ 5 1 ’"‘z*:l (—1)7 ™ i ( j—1 ) {n—l—l}
no k kr1 ko1 j— _ . )
0<my <--<m,._1 <m,.<n+2 mll e mr—llmr * j=m,. 2’ my 1 J
m;=i (mod 2)

The proof of the formulas are similar to the single-indexed case. Here, we omit the proof of the
first explicit formula. To get an idea about the multi-indexed case we only give the proof of the

second formula.

Proof of Theorem 3.8 (Second Formula). Recall the notation k, = (ky,...,k._1,k,. + 1), for any
index set k = (ky,...,k,) € Zgl. By the definition, we have

— it A(ktanh(t/2)) d '
TLZ:%D" n! sinh ¢ N th(k+,tanh(t/2))

d (tanh(t/2))™"
J— Ti
=2 Z 5 ——— (3.13)
0<my <--<my_q<m, T" ===y My
m; =t mod 2
By using tanh¢ = —itan(it) and formulas in [3, p.259]) and [4, Proposition 9], we can write

oo non

. 1t

(tanh(t/2))" = (i)™ m,! Y T, o
n=m,

~or 2 S

We therefore have

o0 n m,.

0! _ (=D)™
ZD” n!l Z ky kr_1 k.41
or coem,
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- Z Z Ky krl1 k41
n=r—10<my<--<m,_;<m,<n+1 " =My My
m; =t mod 2
XZ(_l) Tj!(j—l){n+1}t
Pl 27 m, — 1 j n!
By equating the coefficients of t"/n!, we complete the proof of the theorem. |
In the following proposition, we give a formula for the special case ky = --- = k, = 1. This gives

a connection between multi-polycosecant numbers and Bernoulli numbers.

Proposition 3.9. For anyr > 1 and n > r — 1, we have

2(1-2""") (n+1
DL _ (n+1 )( ! ) By, (3.14)

Proof. By using the identity

T

A1) = 2(A@s2),

and the definition of multi-polycosecant numbers, we get

0 tn tr
ZDS{I}T‘)E = ﬁcscht. (3.15)

Let us recall the expansion of the hyperbolic cosecant function

1 oo 2(1 _ 22n71)32nl’2n71
cschy = — + Z @n)! . (3.16)
n=1

By substituting (3.16) in (3.15), we get

o] ({1} )tn r— o] ) 1 t2m+r—1

r) _ m—
ZD” n! 7l +221 2 ) Bom r!(2m)!
n=0 m=1
tr_l 2 21-2""") (n+1 "
=+ > M( . )B”‘T“n! (n=2m+r—1).
n=r+1

By equating the coefficients of t" /n!, we can obtain the desired results. |

)

Here is a table of multiple polycosecant numbers DgL for some k and n.
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. K 01| 2 3 4 5 6 7 8
13 3103 859939 12761501
<3) L]0 i 0 3375 0 ~ 231525 0 496125
ey Jok[o |- o | @8 | o | B | o
1 59 19051 8348311
(37 2, 1) 010 12 0 240 0 9450 0 "~ 595350
1 140399 142414471589
(2,3,4,5) 010 0 110592 0 " 1679616000 0 147483721728000 0
(1,1,1,1,1) 0|0 | 0 0 i 0 -1 0 %8
1 25900907
(6,2,2,3,4,5) | 0| 0 0 0 0 " 93312000 0 " 98322481152000 0

TaBLE 3.1: DX (0 <n <8)

3.4 Congruence relations of polycosecant numbers

In this section, we preset our main results related to the congruence relations of polycosecant
numbers. First, we discuss the connection among the multiple polycosecant numbers and the finite
multiple T-values. Corresponding to the finite multiple zeta values (we refer [8]), we introduce the

finite analogue of the multiple T-values.
First, define the ring &/ by

1L, Z/vZ
’ éBpZ/pZ’

where p runs over all prime numbers. Component-wise addition and multiplication equip & with
the structure of a ring. Moreover, the well-defined injective map Q € r — (r (mod p)) € o/ makes
</ into Q-algebra. Alternatively, .o/ is isomorphic to <Hp Z) pZ) ®7Q or Hp Z/pZ modulo torsion.
Elements of </ are presented by (a(y),, where a(,) € Z/pZ, and two elements (a(,)), and (b)),
are identified if and only if a(,) = b, for all but finitely many primes p.

Definition 3.3 (Finite multiple T-values). For an index set (ky,...,k,), we define the finite
multiple T-values T y(kq, ..., k,) € o by

T(z/(kh SRR kr)(p) =2"

0<my <--<m,.<p
m;=t (mod 2)

kl (mod p) (3.17)
ml ... m”n

We obtain the following congruence relation for the multi-polycosecant numbers which is the

level two analogue of Theorem 8 in [6].
Theorem 3.10. Let k; € Z and p be an odd prime. When r is even, we have

ke —1)

k 7"'7kr7 )
Toy(ky, .. k) = DIy (mod p). (3.18)
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When r is odd, we have

[ P R R |
Ty/(klv"-akr)(p)_D(l ' :

=D, (mod p). (3.19)

Proof. By considering the explicit formula (2) in Theorem 3.8, we have

or
D(klv“'vkr—17k7‘_1) _ §
p—2 - kl k;'rfl k
0<my <--<my,_ <m,<pM1 ** Mp_1 My
m;=% mod2

T

-1

p ‘+m,’, . . _ 1
(=1t —1 p
X Z 7 e —1 0 (3.20)
Jj=my J
By using the congruence [6, §4]
p—1
(—1)'j1 =1 (mod p),
J

we can write the inner sum of the above equation as

J — _
j=m, 2 m, 1 ] i m, 1

Consider the inner sum zg:gn opP=1=i (ni__ll) and put m, = p— 1 —i. Then, we have

p—1 . . .
11— -1 i (p—2—1 i—1(p—1—1 1/ p—3
2p1] J — 9t 9t o149
Z (p—2—i> <p—2—i>+ (p—Q—i ot p—2—1

j=p—1—i
p—2
90
" <p—2—i>

=242 M p—1—i) - +2

(p—1-d)(p—9)---(p—3)(p—2)

(p—1-id)(p—i)---(p—4)(p—3)
(i—1)!

+ m
1.
i . —1— (4)
= 22 J(p j‘ Z) (mod p)
=0 '
i e 1
=S (—1)72 9(@ ) (mod p)
7=0

By putting i =p —1—m,, we get
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%[(—1)”“ +1]  (mod p). (3.22)

P11
—~ 20 \m, -1

J=my

By using the equations (3.22) and (3.21) we can write the equation (3.20) as follows.

27”
D(k‘lz'"vkr—l:kr*l) — Z
p—2 - kl k'r‘—l k

0<my <-<m,_<m,<pMMq = M1 My"
m; =1 mod2

X %[(—l)mT +1] (mod p). (3.23)

When r is even, m, becomes even. Then by using the definition of the finite multiple T-values, we

get the first formula.

When r is odd, we consider the index set (ky,...,k,_1,k, +1,—1). Then, by using the explicit

formula (2) in Theorem 3.8, we have

+1
D(klr--vkr—17kr+17_1) _ Z QT
p—2 - ky mk“l k,+1_0

0<my < <m<my <p M =" My My My
m;=i (mod 2)

p—1 J+mr+1 y ; -1
=7t j—1 p
X g . 3.24

-1
J=myy r+1 j

Then, m,; becomes even and the last sum is congruent to —1 (mod p) as shown in the previous

case. Now, since the number of even m,.,; in the range m, < m, | < pis %(p —m,) (note m,. is

odd), the sum > _ e 7— is congruent to —* (mod p) and the conclusion follows. [
T i P mT+1

We obtain several congruence relations of polycosecant numbers with negative upper index. We

recall the following identity which will be needed in proving our main results.

Proposition 3.11. [1] For any positive integers n,m, we have

By using Euler’s Theorem, we obtain the following theorem which is an analogue of Kummer’s

congruence for poly-Bernoulli numbers.
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Theorem 3.12. Letn,m, k, N be natural numbers and p be a prime number satisfying 2n,2m > N,
2n = 2m (mod p" '(p —1)). We have

D 21 = p(—2k=1) (mod p™) (3.25)

2n 2m

Proof. Suppose n > m without loss of generality. By the duality (Theorem 3.1), 3.25 is equivalent

to the congruence Dé & n-1) - Déng*l) (mod pN) which we now prove. Then, by using the second

(k)

explicit formula of D, ", we have

k 2k
=3y G () 3 s

1=0 q q+1
This can be written as
2k 2k +1
(—=2n—1) (=1)*(g+1)!
pitaisn e+l
ko 2k+1
—1)¢ g+ 1) /q 2k +1
N (=1) éq ) (21 20+ 1)
p’((l2:l—(&]- 3 q=21 qg+1
ko 2k
—1)¢ qg+1 ! q 2k +1
-y y & ;q ) <2z> 20+ 1) (mod pV)

piaisn) = ¢+l

k 2k q
D;Qn—l) _ Z Z M <q> 2kl (20 + 1)2m (mod pN).

=0 g=2l 2! 2l +1
P21 1
(=2n—1) _ H(-2m-1) N . . . .
Therefore, we get D, = D,, (mod p"") and the duality relation in Theorem 3.1 gives
the desired result. [}

We obtain the following theorem by using Fermat’s Little Theorem.

Theorem 3.13. Let k be an even integer and p > 2 be a prime number. We have

ke
Dy(n(p_g =1 (mod p) (3.26)

for allm > 1.
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Proof. We first prove the case of m = 1. From formula (2) of Theorem 3.4, we get
2 p-l l
k-1 () @+t p k
it =y 3 EUEE D (2m + 1)
2 S

= (l) zp (2m+1)F  (mod p).

2m 1

By substituting Proposition 3.11 into the above equation, we get

b1 = 2 i I+1
—k— 1
DAY= 3 em+ 1) Zz< )Z(—l)“( : )t” (mod p)
m=0 =2m t=1
125° p—2 I+1
1/ 141 l 1
=— Y Cem+ D)"Y = ~1) P d p).
+ Zgl<2m+1>z( "o (mod p)
m=0 1=2m t=1
By using Fermat’s Little Theorem, we have
o 1252 P2\ I
DA = om + 1DFENT = —1)f :
p—1 mZzo(m—l- ) l;2l om + 1 ;( ) f_1 (mod p)

We have
1+1

0 [>1
S )=y,
t=1 -1 [=0.

We can see that, only the term with m = 0, [ = 0 remains. Therefore, the conclusion follows. For

general m, we see from Theorem 3.12 that

(—k—1) _ (—k—1)
Drp-1) = Pip-1)

1 (mod p)



Chapter 4

Relations of the level two
Arakawa-Kaneko zeta function to
multiple T-functions and multiple

T-values

4.1 Level two analogue of Arakawa-Kaneko zeta functions and

single variable multiple zeta functions

Kaneko and Tsumura defined the single variable multiple zeta function of level two as follows.

Definition 4.1. (Kaneko, Tsumura [12]) For ky, ..., k,_1 € Z>; and Re(s) > 1, we write

1
TO(kla"'Jkr—lvs) = Z K, ko1 s°

0<my <--<m,. M+ Mg My
m;=¢ (mod 2)

Furthermore, as its normalized version,
T(kb T kr—la S) = 2TT0(k17 st 7k7'—17 8)'
The values T'(ky, ..., k._1,k.) (kj € Z>q, k. > 2 : admissible) are called the multiple T-values.

When k£, > 1, we see that
A(kl,...,kT;l) :T(kh'"?kr)'

We obtain a level two version of [2, Proposition 2| which will be needed in proving our main

results as follows.

29
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Proposition 4.1. 1. For Re(s) > 1

1 o0 tS*l _
T(ky,....k = Alky,....k,_1; dt.
( 1 ) n—le) F(S) A smh(t) ( 1 y Fp—15€ )

2. For Re(s) >1,n>2,j>0

/ Ay ks YAt =T (s + )T (ky, . k9,5 + 5 + Ky y).
0

Proof. To prove (1), we use the definition

1
T(kla'--akn—las) =2" Z ky kn_1 s

O<my<--<m,, M1~ " Ty My
m;=i (mod 2)

1 1
=2" ) > 5

S
0<mqy<--<m,, _1 ml e mn—l My =my,_1+1 "
m;=i (mod 2) my#m,_1 (mod 2)
and use the standard expression
1 1 > —nt,s—1
— = = e tTdt 4.1
n®  T(s) /0 (4.1)
to convert the inner sum into the integral. Then we can get the desired results.
To obtain (2), we only need to use the definition
e*mn—lt
A(ky, .. ke )y =2""" Ry
O<my <-<my,_q TV "My _q
m;=i (mod 2)
and use equation (4.1) to obtain
/OO emitptilgy - L +9),
0 my
This completes the proof of the proposition. |
According to these functions, Kaneko and Tsumura defined a level two analogue of £(ky, ..., k,; s)

as follows.

Definition 4.2. (M. Kaneko, H. Tsumura [12, §5]) For ky, ...k, € Z>y and Re(s) > 0, we write

[ A(ky, ... k.;tanht/2
Q,Z)(kil,...,kr;s) = / s—1 (kla , k,;tan t/ )dt‘
0

-~ T(s) sinh(t)
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The following theorem says that the values at non-positive integers of ¥ (k, ..., k,; s) interpolate

)

multi-polycosecant numbers Dgfl’”"kr )

Theorem 4.2. The function (ky, ..., k.;s) can be continued analytically to C as an entire func-

tion and satisfies
blkys- . ks =m) = (=1)" Dt (m € Z)

where (ky, ..., k) € Z54.

Proof. By the definition

1 *© o 1A(ky,...,k.;tanht/2)
ki,...,k.;8) = dt
¢( 1> s vy S) F(S) A smh(t) )
we can see that ¥(ky, . ..,k s) is in the form of Mellin transform of the function 2%r=kritanht/2)

sinh(t)
Also, we have

A(ky, ... kstanh(t/2)) o= (kg
=N " D)
sinh ¢ nz_% n n!

Then by using a standard method (cf. [19, §4 of Part 1]), we can obtain that ¢ (k,...,k.;s) is an

entire function of s and the desired formula at the point s = —m. |

4.2 Relations among the functions ¢y and T'

In this section, we present our newly obtained results on the level two analogue of Arakawa-Kaneko
zeta functions. We deduce that the Arakawa-Kaneko zeta function of level two can be written as

a linear combination multiple T-functions.

Let us consider the integral representation of the level two multiple polylogarithm A(k;z) as

follows.
2dt, dt dt 2dty,_ dty,_ dt
A(k;z):/ Loz ko kQ’fr“ hkt2 Dk
O<t, <ty<ty<z 1 — 1] 12 bk, 1 —th g 11 Th—kt2 123
———
(kq—1)—times (k,—1)—times

where k = (kq,...,k,).

By using the formula

dt dt 1 b\"
/ 1...r—'(10g) , (42)
a<t-<t,<b 5] by T a

—_————

r-times
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we can write above integral expression as

9 dt t\ 1t dt 2\t
A(kl,...,k;z):/ ! <log2> cee— (log> :
" [Tici (ki = D! Joct, ctyect, <z 1 — 13 3] 1— ¢ by

(4.3)
Change the variables in equation 4.3 by using t; — ;?iﬂ (j=1,2,...,7r). Then, we get
r4+1—j
1 1+t,)(1—t Fi—l
A(kla"'akr;z):r/ dtr<log( +t,)( r1)>
Hi:l(ki - 1)! E,(2) Ly (1 - tr)(l + tr—l)
dty (log (1+t)(1 —tﬁ)’“”‘l dty (10 (1 +t1>z>’“r‘1
2 (1—t)(1+ 1) ty (1—1t) 7
(4.4)
where
E2) =ty ) |ty <<t < 1
r\Z) = 1 )y iy 1+ 2 1 r :

The following theorem was first obtained by Naho Kawasaki. We prove the following theorem

by using the integral representations of ¢ and T'.

Theorem 4.3. For any index set k = (ky,...,k.) € Z5, and m € Z>y, we have

lam) = > b((k)53) T ((ke)"+1),

lil=m—1, d(j)=n

where the sum runs over all j € Z5 of weight m and depth n := d(k}) = |k|+1 — d(k).

Kawasaki and Ohno [13] have given an alternative proof of Theorem 2.5 by using the associated
integral representations of {(k;m) (see [13, Theorem 2.2]). By a similar argument as in the proof
of Theorem 2.2 in [13], Kawasaki obtained Theorem 4.3. Here we give a proof by similar arguments
as in [11]. To prove the theorem, we obtain some integral expressions for ¥ (ky,...,k,;s) in the

following proposition. This formula is corresponding to Proposition 2.6 (i) in [11].

Proposition 4.4. Let (k)" = (l4,...,1,). Then we have,

1 > > s—1 l1—1 l,—1
Qb(k,...,kr;s):n/ / (1 + -4z, 2
' [Li=: T(L)T(s) Jo 0 ! !
1

dxy---dx,

. sinh (zq + -+ 4+ ,,)sinh (zo +--- + ,,) - - -sinh (z,,)

for Re(s) >1—r.
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Proof. We take the index (kq,...,k,) as

(kypyeonk))=( 1,001 by 1,000, 1,01 by +1),
—— ——
(ag—1)-times (ap—1)-times

for integers h > 1,a; >1 (1<i<h),b;>1(1<i<h-—1),and b, > 0. By using Lemma 3.6 we

can write the integral expression of A(k; z) as:

Alky,. ..,

-/ ‘“h/ [ e )

by,-times
./mh tdzy_y / /mh b drpy /Ih1 1 <10g (1 —ap0)01 4'9%—1))%1 dp_o
Ty Ty ap—1! (I +zp_2)(1 —2_) Tp_2

(bj,—1—1)-times

/x?’ dl’3 / /$3 dl’g) / 1 — .’I,'Q)(l + mg a3 d.’I]Q /m2 dl’g / /CC2 d.’L’Q
ag! (14 25)(1 — x3)

(b3—1)-times (by—1)-times

o (e ) [ [ e T (e )

(by—1)-times

The paths of the integration are in the domain C\ [1, 00), and the formula is valid for z € C\ [1, c0).

Put z = tanh¢/2 in the above equation and change the variables accordingly. Then, we get

A(kq, ..., k,;tanht/2)

/ /tb1+ +bp, /tQ 1
sinh (tb1+...+bh) ---sinh (tbl+"'+bh,1+2)

(b, —1)-times

o 1 (o, 4 tby_y+1 — tb1+---+bh_1)ah ‘ 1
ap! sinh (ty,41p,_,+1) sinh (ty, 4 ..4p, ) Sinh (ty 4 1p, ,10)
(bjy—1—1)-times
" 1 (B, — by 4by) _ 1
ag!  sinh (ty, 4p,41) sinh (¢4, 44,) - - - sinh (t 1)
(by—1)-times
1 (t, 41 — )" 1 1

ao! ' ——————dtidty - - - dt )
ag! sinh (tbl_H) sinh (tbl) .--sinh (ty) a;!sinh (¢;) 1019 by tby,

(by—1)-times

By substituting the above equation in Definition 4.2 and changing the variables as: t = z;+- - -+,

Uy gogby, = T2+ o+ Ty by gy -1 = T3+ + Ty, oo, by = Ty + Ty, B = T, We obtain the
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desired formula. We should note that the dual index (k)" = (I1,...,1l,) is given by

k) =(1,... . La,+1, 1,...,1 ,ap1+1,..., 1,...,1 ,a; +1)
—— ——
by, -times (by,—1—1)-times (by—1)-times
and the depth n =b; +--- 4+ b, + 1. |

Proof of Theorem 4.3. In order to obtain the formula, put s = m in the above proposition and
expand (27 4 - -+ 4+ a3,)™ " by the multinomial theorem. Then the theorem follows from the below

lemma. [ |

Lemma 4.5. [12, Lemma 5.4] Forly,...,l,_1 € Z>; and Re(s) > 1, we have

1 e L l_1—1 s-1
Ty, ...l - e
R r<ll>~-r<zr_1>r<s>/o J A

We obtain the following formula which will also be needed in proving our results.

Lemma 4.6. 1. Forky,... k. € Z>,

d 1—=2 132 <k17"' kr lak 17 1+2) (kr Z 2)
@A kl? 7kr;1+ = z
z
—%A (klﬂ“' r— 171+Z> (k/’T:l)
2. Forr>1

(0452) -3 (3 (1152)) - S

The proof of the above lemma is similar to the proof of Lemma 3.6.

In order to prove the next theorem, we establish the following lemma.

Lemma 4.7. For any index k, we have

1 _2Z2A ({ﬂ’j% 1;_2) (ZA ({1}] H > Ak, i+ 1; z)) , (4.5)

Proof. By using Lemma 3.6 and Lemma 4.6, we can easily obtain the desired result by induction

on j. |

Now we present the following Euler-type connection formula associated with the multiple poly-

logarithm functions of level two, corresponding to Theorem 2.6 in Chapter 2.
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Theorem 4.8. Let k be any index. Then we have

A( 1—1—2) > Gilk'j) <{1}], > A(K;2),

K ,j>0

where the sum on the right runs over indices k' and integers j > 0 that satisfy |k/\+j < |k|, and
Cx(K';5) is a Q—linear combination of multiple T—values of weight |k| — |k'| — j. We understand
Athy(z) =1 and |0|= 0 for the empty index (), and the constant 1 is regarded as a multiple T-value
of weight 0.

Proof. We prove this by induction on the weight k. When k = (1), the trivial identity
1-— 1-—
A Z\ _ A, z
1+2 1+=2

itself gives the desired form, thus C1)(;0) = C(1)((1);0) = 0 and C(y(#;1) = 1. Suppose the

weight |k| > 1 and assume the statement holds for any index of weight less than |k]|.

For k = (k]_,. . '7kT)7 set k_ = (k]_, .. .,kr_]_,kr — 1)

First, assume that k is admissible. Then by the differential relation and the induction hypothesis,

iA k;l—iz - _ 2 A ki;l—z
dz 1+ 2 1_22 142

- . Z C ( <{1}], > A(L; 2). (4.6)

l—=z 1,j>0

we get,

Let the depth of 1 be s. By substituting (4.5) from Lemma 4.7 into (4.6) and integrating, we get

A(k 1+z) =3 G (1 )(§A<{1}j_i;1;z> A(l,i—i—l;z)) el

1,j>0

where C' is a constant. Since

z—0

lim A ({1}J ; 1+Z) A(li+1;2) =0,
z

we have C' = T'(k). Now we can obtain the desired result.

In order to prove the non-admissible case, we recall that A ( ; 1?) satisfies the shuffle relation

T ) as a polynomial of A ( ; 1?)

with each coefficient of A’ ( ; % +z) being a linear combination of A ( ; i +Z> k' : admissible. Write

(cf. [5]). Suppose k is not admissible. Then, we can write A (
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this polynomial as

1—=z2 " ; 1—=z2
Al k; = A1 .
(’1—1—2) jgoaz (’1+z)

Then a; can be written in the desired form (admissible case). We know that

; 1—=2 1—=z2
ilfq. — il L <
A <1’1+z> ].A<{1}],1+Z>

and
1—2 1—2 1+ 1—-=2
Al{1};— A ({1};;—— | = Al{1},— .
(1) a (52) = ()a (k1)
Hence q; A7 ( ; %Ii) can be written in the claimed form, and the proof is done. |

From Theorem 4.8, we can obtain formulas expressing v (k; s) in terms of multiple zeta functions.

Theorem 4.9. Let k be any index set. The function ¥(k;s) can be written in terms of multiple

5= ck<k’;j>(s+§‘ 1)T(k’;s+j>

k' ,j>0

T— functions as

Here, the sum is over indices K and integers j > 0 that satisfy |kK'|+j < |k|, and Cy(K';7) is the

same as in Theorem 4.8.

Proof. Let 7, | be the depths of k and k' respectively. Put z = e~ " in the above lemma.

1—e' 1 —t
A<k1+e> > Cx(K5j) ({1}j;1+6_t>A(k,e ).

k',j>0

By using Lemma 3.6 we can write the above equation as
A(kitanht/2) = > Ci(k ,] Ak e ). (4.7)
K’ >0

Recall the definition

o1 * s_1A(k;tanht/2)
v =i )y

and we substitute equation (4.7) into the above equation and apply Proposition 4.1 to obtain the
desired formula for ¥ (k; s). [
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Example 4.1. We give examples for the identity in Theorem 4.8 up to weight 5.

—_
N

A (2; 1+z) — A (1; Li) A(1:2) — A(2:2) + T(2)

1—2 1-=2
2 ) = A (1 2) +A(L252) + A2, 15 2) — T(2)A(L;2) + T
A(3155) =A (5150 ) A1)+ AWL22) 4 AR L) - TRIAMS) + T()
1—=z 1—=z 1-=2
: _ ) A(L2) - A (1 A(2;2) — A(3:2) + T(1,2
A(1200) = A (1050 ) A - A (115 ) A - AG) + T,2)
1—=z 1—2z 1—=z
A (2, L +Z) — A <11+Z> A(2;2) + T(2)A (1, ) T 2AB:2) - 2T(L2),
A(a122) o A () A 1) — AL 1L, 22) — A(L2, 15 2) — A2, 1,1 2)
71—’—2’ - 71—’—2’ 777'2 P R b ] P )
+T(2)A(1,1;2) = T(3)A(1; 2) + T'(4),
1—2 1—2z 1—2z 1—-=2
= ; ) +A (1 AL22) +A (1, —2) A1
A(1as) =a (L) anua +a (1) a2 +a (10 ) A s
+A(1,3;2) + A(2,2;2) + A(3,1;2) — T(1,2)A(1;2) + T(1, 3),
1—=z 1—=z 1-=2
A (2,2, : +Z) = —A (1, : +Z> A(2,1:2) — T(2)A <1, ) Ae)
—A(2,2;2) —2A(3,1;2) = T(2)A(2;2) + 2T(1,2)A(1;2) + T'(2,2),
1—-=2 1—-2=2 1—2
A (3,1, 1+Z> = A (11+Z> A(1,2;2) + T(3)A <1, 1+Z> —2A(1,3;2) — A(2,2; 2)
+T(2)A(2;2) — 27(1,3) — T(2,2),
1—=z 1—2z 1—-=2
: =— )AL 2) - A (1,1 A2
A<]‘7]"27 1 Z) A(171717 1+Z> A(17Z) < 9 ,1—"—Z> ( ’Z)

1—2z
—A <1, r z> ABB;z) —A(4;2)+T(1,1,2),

1—2 1—-2 1—-=z

+3A(4;2) — 37(1,1,2),
=T(2)A (1’ L; 1;2) —A (1; H) A(3;2) — 2T(1,2)A (1 1_Z>

1+ 2 1+ 2
—3A(4;2) +37T(1,1,2),

1+ 2

AGJ‘Z)=AQ9‘“)MLLLna+A@LLZ@+A@LZL@+A@ZLL@

TA(2,1,1,1;2) — T(2)A(L,1,1;2) + T(3)A(1,1;2) — T(4)A(L; 2) + T(5),
_ _ 1—
A (1,4, L=2) _ a1 12) A(1,1,1;2) — A (1; Z) A(1,1,2;2)
1+2 1+2 1+ 2
1—2z A
1+2

(
( 1—2

1; A(1,2,1;2) —A (1
) A2 - (1

CA(L,2,2;2) — A(1,3,1:2) — A(2,1,2;2) — A(2,2,1;2) — A(3, 1, 1; 2)
FT(1,2)A(1,1; 2) — T(1,3)A(1; 2) + T(1, 4),

) (2,1,1;2) — A(1,1,3; 2)
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1- 1 1
A <2,3; +Z> N (1; - Z) A(2,1,1;2) + T(2)A <1 Z> A(1,1;2) + A(2,1,2;2)
z

1+
+A(2,2,1;2) + 2A(3,1, 15 2) + T(2)A(L,2; 2) + T(2)A(2, 15 2)
(2,3

- 2T(1a 2)A(17 1; Z) - T( ) (17 Z) + )7
A@JJ_Z>:AOff%)MLZL@—T A<1Lﬁ A(L;2) + A(1,2,2; 2)
1+2 1+z2 1+ 2

+2A(1,3,1;2) + A(2,2,1; 2) — T(2)A(2,1; 2) — T(3)A(2; 2)
ﬁﬂﬂl@(Lz+ﬂ2m(l)+ﬂ&%

1— 1—
A<&1;2> ( Z>+2AU,L&2)
1+ 2

A(1,1,2; T4)A [ 1;
1,22+ TA (15

+A@12@+A@LZ@—T@A@Z@+T@A@@
—9T(1,4) — T(2,3) — T(3,2),

A<1,1,3;1_Z> :A<1,1,1;1_Z) A(l,1;2) + < > (1,2;2)
1+ 2 1+ 2
+AQJJ_Z>M1L@+A< ) (1,3;2)
142
1—
+A<1;1+§> A(2,2;z)+A< >A(3,1,z)+A(1 4; 2)

+A(2,3;2) +A(3,2;2) + A(4,1;2) — T(1,1,2)A(1; 2) + T(1, 1, 3),

A<L221_2>2—A<th_z>A@Jn) ( ) (2,2 2)
1+ 2 1+ 2

_9A (1;112) A(3,132) — T(1,2)A (1 - )A(l ) — A(2,3:2)
(

)- 1+=2
—2A(3,2;2) +37T(1,1,2)A(1;2) —3A(4,1;2) — T'(1,2)A(2; 2)
+17(1,2,2),

1—2 1—2 1—2
Al1,3,1; =—-A(1,1;—— JA(1,2;2) —2A [ 1; —— ] A(1, 3;
(1ag57) =-a (L5t ) aas 2 (15 ) A
N A(2,2;2) +T(1,3)A 1o +T(1,2)A(2; 2)
’]_—{—Z ’72 ) ’1—'—2 b ’Z
—3A(1,4;2) — 2A(2,3;2) — A(3,2;2) — 37'(1,1,3) — T(1,2,2),

1-=2 1—=2 1-=2
A 1 = — A(1,1;,— ) A(1; AL, —— ) A(3,1;
(21.2057) ==1@A (1170 ) A2 +A (1157 ) AG1:2)

_T(2)A <1; 1;2) A(2:2) + 2T(1,2)A (1; ;i) A(L:2) + A3,2:2)

F3A(4,1;2) — T(2)A(3: 2) + 2T(1,2)A(2; 2) — 3T(1,1,2)A(L; 2) + T(2,1,2),
A<21L1;Z>ZA(L112>AQJW)HnmA<L112>A@m)HH&%A(Li_Z)

z z +z

+2A(2,3;2) + 2A(3,2;2) + 2T(2)A(3; 2) — 2T(1,2)A(2; 2)
)

2
—2T(1,2,2) — 2T(2,1,2),
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1—-=2 1—-=2 1—=2 11—z
A 1,1; =T3)A(1,1; — Al 1 A(1,3;2) —2T(1,3)A | 1;
(30157 ) =7 (1157 ) + 4 (150 ) A -2z (115

~T(2,2)A <1; ;Z> F3A(1,4;2) + A(2,3;2) — T(2)A(3; 2)
z
+37(1,1,3) + 27(1,2,2) + T(2,1,2)
A(1,1,1,2 1_Z> —_A <1,1,1,1;1_Z> A(l;z)—A(l,l,l;l_Z> A(2;2)
142 142 142
1—2z 1—2z
A1 E ) AB ) — A [ 1 E ) A4 2) — A(5;
(11755 ) A - A (1152 ) Alez) - AG:2)
+7(1,1,1,2),

1-=2 1—-2 1—-2 1-=2
A <1,1,2,1,1_'_Z> —A (1’1’1’1—1—2) A(27Z)+2A (1,1,1—1_2) A(3,Z)+3A <1,1_|—Z> A(4, Z)

1—=z2
+7(1,1,2)A <1, 1+z> +4A(5;2) —47T(1,1,1,2),

1-=2 1—-=2 1-=2 1-=2
All1,2,1,1 =—-A[1,1,— ) A(3; T(1,2)A ( 1,1; —3A [ 1; A(4;
(12t s) = —a (12 ama s 1o (1055 ) -84 (177 Ae)

1—
—37(1,1,2)A <1; . z) — 6A(5;2) +6T(1,1,1,2),
z

1— 1—
A2 11,1222 c @A (1,1, 1222 —or1,2)A (1,122
1+ 2z 1+ 2z 1+ 2z

1-=2 1—2
All,—— | A(4 T(1,1,2)A (1 4A —4T(1,1,1,2).
(110 ) A2 #3724 (1122 ) +4AG:2) - 4T(11.1.2

Accordingly, we have

<
—
»
V)
~—
I

-T(2,s) —sT(1,s+1)+T(2)T(s),

W(3;8) =T(1,2,8) +T(2,1,8) +sT(1,1,s+ 1) —T(2)T(1,s) + T(3)T(s),

s(s+1)
2

¥(1,2;8) = =T(3,8) —sT(2,s+1) — T(1,s+2)+T(1,2)T(s),
¥(2,1;8) =2T(3,8) + sT(2,s +1) +sT'(2)T (s + 1) — 27°(1,2)T(s),
¥(4;8) =-T(1,1,2,s) = T(1,2,1,5) — T(2,1,1,s) — sT(1,1,1,s + 1) + T(2)T(1,1, s)
—T3)T(1,s)+TA)T(s),
¥(1,3;5) =T(1,3,5)+T(3,1,s) + T(2,2,s) + sT(1,2,s + 1) + sT(2,1,5s + 1)
s(s+1)

T(1,1,s42) — T(1,2)T(1, s) + T(1,3)T(s),

$(2,2;8) = —2T'(3,1,8) — T(2,2,s) — sT(2,1,5 + 1) — sT(2)T(1,s + 1) — T(2)T(2, 5)
+2T(1,2)T(1, s) + T(2,2)T(s),

¥(3,1;8) = —2T(1,3,5) — T(2,2;8) — sT(1,2, s + 1) + T(2)T(2, s) + sT(3)T(s + 1)

,3)T(s) — T(2,2)T(s),
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$(1,1,2;8) = —T(4,s) — sT (3,5 + 1) — 8(8; V@5 +2) - ‘WT(L s+ 3)
+T(1,1,2)T(s),

B(1,2,155) = 3T(4, 5) + 25735 + 1) + SV (0 5 4 9) 4 5701, 2)T(s + 1) — 37(1,1,2)7(5),

$(2,1,1;8) = —3T(4,s) — sT(3,5 + 1) + S(S; D r@)T(s +2) — 257(1, 27 (s + 1)

+37(1,1,2)T(s),
$(5;8) = T(1,1,1,2,8) + T(1,1,2,1,8) + T(1,2,1,1,8) + T(2,1,1,1,5) + sT(1,1,1,1,5 + 1)
-T2)T((1,1,1,s)+T3)T(1,1,s) = T(4)T(1,s) + T(5)T(s),
¥(1,4;8) =-T(1,3,1,5) —T(3,1,1,5) — T(2,2,1,s) — T(1,2,2,5) — T(2,1,2,5)
—T(1,1,3,s) — sT(1,2,1,s + 1) — sT(2,1,1,5 + 1)
s(s+1)
2

T(1,1,1,s+2) —sT(1,1,2,s + 1)
+T(1,2)T(1,1,5) — T(1,3)T(1,s) + T(1,4)T(s),

W(2,3:8) =2T(3,1,1,8) + T(2,2,1,8) + T(2,1,2,5) + sT(2,1,1,s + 1) + T(2)sT(1,1,s + 1)
+T(2)T(2,1,5) + T(2)T(1,2,s) — 2T(1,2)T(1,1, s)
—T(2,2)T(1,s) + T(2,3)T(s),

¥(3,2:8) =2T7(1,3,1,8) + T(2,2,1,8) + T(1,2,2,5) + sT(1,2,1,5 + 1)
—T(3)sT(1,5 4+ 1) — T(2)T(2,1,5) — T(3)T(2, 5)
+27(1,3)T(1, s) + T(2,2)T(1, s) + T(3,2)T(s),

W(4,1;8) =T(1,2,2,8) + T(2,1,2,5) + 27(1,1,3,5) + sT(1,1,2, s + 1)
+T(4)sT(s + 1) = T(2)T(1,2,s) + T(3)T(2, s)
—2T(1,4)T(s) — T(2,3)T(s) — T'(3,2)T(s),

W(1,1,3;8) =T(1,4,8) + T(4,1,8) + T(3,2,8) + T(2,3,5) + sT(3,1,5 + 1)

s(s+1)
+ 2

1
8(8; )7(1,2,5+2) + sT(1,3,5 + 1)

s(s+1)(s+2)
L

T(2,1,542) + sT(2,2,s + 1)

T(1,1,s+3) — T(1,1,2)T(1,s) + T(1,1,3)T(s),

¥(1,2,2;8) = =3T(4,1;2) —27(3,2;2) — T(2,3;2) —2sT'(3,1,s + 1)
s(s+1)

T(2,1,s4+2)—sT(2,2,s+ 1) —T(1,2)T(2,s)

—T(1,2)sT(1,s + 1)+ 3T(1,1,2)T(1, s) + T(1,2,2)T(s),

¥(1,3,1;8) = —T(3,2; 2) — 2T(2,3; 2) — 3T(1,4; z) — s(s+1)

T(1,2,s+2)

—2sT(1,3,s+1) —sT(2,2,s+ 1)+ T(1,3)sT(s + 1)
+T(1,2)T(2,s) —37(1,1,3)T(s) — T(1,2,2)T(s),
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¥(2,1,2;8) =3T(4,1;2) +T(3,2;2) + sT(3,1,s + 1) = T(2)

— T(2)sT(2,5+ 1) + 2T(1,2)sT(1,s + 1) — T(2)T(3, s)
+27(1,2)T(2,s) — 3T(1,1,2)T(1, s) + T(2,1,2)T(s),
¥(2,2,1;8) = 2T(2,3; 2) + 27(3,2; 2) + T(2)sT (2,5 + 1) + T(2,2)sT(s + 1)
+2T(2)T(3,s) — 2T(1,2,2)T(s) + sT(2,2,5 + 1)
—2T(1,2)T(2, s) — 2T(2,1,2)T(s),
P(3,1,1;8) = T(2,3; 5) + 3T(1, 4; 5)
— T(2)T(3,s) — 2T(1,3)sT(s + 1) — T(2,2)sT(s + 1)

s(s+1)

+sT(1,3,s+1)+T(3) T(s+2)

+27(1,2,2)T(s) + T(2,1,2)T(s) + 3T(1,1,3)T(s),

W(1,1,1,28) = —T(5;2) — sT(4, s + 1) — 5(5; Vs s+2)
_s(s+ 1()3(8 + 2)T(2,3 L3 s(s + 1)(321— 2)(s + 3)T(1,5 )

Y T(1,1,1,2)T(s),
W(1,1,2,1;8) =4T(5;2) + 3sT(4,s + 1) + s(s + 1)T(3,s + 2)

s(s+1)(s+2)
6

(1,2,1,1;8) = —6T(5; 2) — 3sT(4,s + 1) —
s(s+1)

T(2,5+3) + T(1,1,2)sT(s + 1) — 4T(1,1,1,2)T(s),
s(s+1)
2

T(3,s+2)

+T(1,2) T(s+2) —3T(1,1,2)sT(s + 1) + 6T(1,1,1,2)T(s),

2)
s(s + )(s+2)
6

¥(2,1,1,1;8) = 4T(5; 2) + sT (4,5 + 1) + T(2) ( T(s+3)

—T(1,2)s(s + 1)T(s + 2) 4+ 37(1,1,2)sT(s + 1) — 4T(1,1,1,2)T(s).

4.2.1 Some explicit forms of Arakawa-Kaneko zeta functions of level two

Theorem 4.8 and Theorem 4.9 can be written explicitly for some special arguments. In this section,

we obtain some explicit forms of Theorem 4.8 and Theorem 4.9.

Let us consider the following lemma which will be needed in proving our main results under this

section.

Lemma 4.10. For integers m > 0 and n > 0, we get

/Zlogm(t) log" (m) dt_ (_qy vZu< > Y log(2)™ " A{1Y 1,1+ 252).  (4.8)
0
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In particular,

1
/ log™ (t) log" <1+7t5> % = (=" m! T({1},_1, m + 2). (4.9)

Proof. From Lemma (4.6), we have

z

/Zlogm(t) log™ (1 — t) i _ (—1)"n!/ lOgm(t)At({l}";t) dt
0 0

1+t) ¢t

= (=)™ )1 (m) (—1)'(log(2))™ ' A({1}1, 1 + 25 2).
By setting z — 1 in the above equation, we get

1
1—t\ dt
log™ () log" | —— | — = (=1)" "™ n!m! A({1 2:1
/og (t) log <1+t>t (=) nIm! A({1},-1,m +2;1)

= (=)™ m! T({1},_1,m + 2).
This completes the proof of the lemma.

We obtain the following identity as a level two generalization of Lemma 3.7 in [12].

Theorem 4.11. For any positive integers j and r with j <,
Ay, L2y, 2 }T_Jj( V(TN )A (1)
. Yt — g — 12 L
j—1s4 =3 q TS gl i J r=j—i g Tz

Py Y (ij)A <{1}”;ilz> Al +1;2).

l=r—j

1—2 -

=2,kj;; = - =k, = 1 and replacing z by ;7% in (4.4). For

1—2z

E.(2) ::{(tl,...,tr)|1+z <t1<-~<tr<1}.

Then, we have

Al )= | log Wt brra=) U = byl dty |ty
gL S W =gy B A=t ) +t_5) 4 by

R L P
E,.(2) 1+ trfj tl tr E':q(z) 1+ t?“+1fj tl tr




43

By using (4.2), we get
<{1}” b2 AL 1+z>

1
1 it 1 1—t, ;\ dt,_;
= o () e <t -)bg(m 7>t :
: r—j r—j r—j

z

1
(r =)t o G- 1) tr —j+1 L+ tr —j+1/ tr—jt1

z

Applying Binomial theorem, we get

A(hn2 g 1)

r—1—j . r—1—i o ! L —
N (e e e Ol Ol e b

i=0 r=J= 1l (1+1t) t
() e / log! 9 (1) log =1 &
=\ i =G -t J (1+1)t
_ - (—1)r ! (H‘j)] r—j—i Z i1 1—t\dt
Sl ag (2>1/10g (t) log (1 +t> - (4.10)

Substitute (4.8) and (4.9) with n =1 into (4.10). Then, we get

1+z

r—j r+] 2—1—]
(r—j—1a)! ( {

({1}] w20 1)

> log" /)T (i +j+1)
=0

i r—j—1

r Ly N
+§ ; M( ﬂ)( ' 1) log" "M ()AL + 2; 2). (4.11)

By substituting Lemma 4.6 into the above equation, we get

A(h2 i)

1+Z
:2(—1)’<th>T(i+J‘+1 <{1}T - sz)

+i_:it:1(_1)i+l(ijj> <::i ) <{ |t 1+Z> Al +2;2). (4.12)
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In order to obtain the desired formula, let us simplify the last term as follows.

r—ji+j—1
E § : z+1 i +] —-1—-1 1—=z2
1 . .

r—7 1

+

J

J
i=0

o~
—_

<
<
<

Here,

r—1 B r—1
r—j—i) \i+j—1)
By using the binomial identity 176 in [17], we get

r—

S (D oy vy

i=0 ) (r=1<j <)

Substituting this into the above equation, we get

r—ji+j5—1
z+1 ] -1 1-=2
Al{1 —— A+ 2;
Z;lz < ><T—j—i) ({ b ) AU

r

__E:(_n“f4<l ) ({}TWZ>AU+1m)

r —
l=r—j J

By substituting this in equation 4.12, we get the desired results.

.<—1>i“ (5L )A () Ac i

2 i:(;(—l)m (z tj> (T :l_ i)A ({1}T_l; ;9 Al +152).

Accordingly, we can obtain the following theorem for ¢ which can be regarded as an explicit

form of Theorem 4.9 at some special arguments.

Theorem 4.12. For positive integers j,r and Re(s) > 1 with j <,
1/1({1}#17 25 {1}1"7]’ 5)

i+ st+r—i—j—1 o L
l( ‘7>< r—i—?’ >T(Z+]+1)T(8+T—Z—j)

Mb

le s+r—1—1
Tl+1 —1).
3 (L) e sy

l=r—j

Proof. Let us consider Theorem 4.11.
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A<{1}j_1,2,{1}r_j;hz> ::Z_:z(_l)ictj)ﬂwjﬂ) ({1}7‘ —jis 1+j>
r j—1 Z (

l=r—j

> <{ beti T z)A(H—l;z). (4.13)

r—J

Now we can see that the right side the the above equation is in the form of Theorem 4.8. We
can write the each term of the equation (4.13) in the form of Theorem 4.9. This readily gives the
desired result. |

In order to prove the next result we consider the following shuffle product identity.

Lemma 4.13. For the integers m,n > 1, we have

m
M) wya") = - > ya®t eyt iy .

j:l a1+'"+a7n:m+nvvai21

Proof. Consider the left hand-side of the above equation.

1)y"™ 7 wya"
j=1
= (-)"y" ”+Z D7 (w7 W) + " wy )
m . . m_l . . .
= (=1)"y"a" +Z y" T Wy T+ Y (Y (" Wy )
j=1
_ (_1)mymmn + ( 1)m—1ymmn o y(ym—l L xn)
= —y(y™ ). (4.14)
By using the shuffle product formula. we obtain the desired result. |

We obtain the following formula for A(k;z).

Theorem 4.14. For any positive integers r and k,

k—2
({m Lk ) DEITLY, 7+ DAL sy 2)

:0

_ 1-—
—f—(—l)k ! Z A({l}ak;1+z> Alay + 1, a5-1 + 1;2).

.
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Proof. Set ky = -+ =k,_; = 1,k, = k in (4.4) and replacing z by %;2 For convenience, we let
El(2):=E, (1+ ) Then, we get

s Qra)l-t) 6 1

k—1
—1—_] 1+Z E:,(Z) 1+t1 tl t?“

— (
1 1ng—1 1-= ﬁ%
(k—1)! 1+ 2 t ot

Ey(2)

A (ks ) - )_/ ot L=+t dbydt,

<.

_l’_

By using (4.2), we get

k—1 r—14j 1
z (—].) k—1—j 1—2z / r—1 (1 —1t)\ dt
= 1 Hlog! () &
<{1}7“ Lk 1+> L T TR 152) ) g Wle (7] 35

+ (k(j))w logh~! (1 - Z) log" (2). (4.15)

=1 1- 2
k—1—
=Y o J<1+Z>T({1}]1,r+1)

=1

k—1r—1 r—1

(-1) k—1-j (1 —2 r—l—1
1 — )1 AHL}. 4,1+ 2;
D e e TG Ty A ) L b
-1)" 1 ({1—-=z .
+(k:1))!r!10gk ! <1+z> log’ (2). (4.16)

By substituting Lemma 4.6 into the above equation, we get

a(hokg )

= (=1 A1 s 2)A ({m; ;) 2 DTTIA{ e T ({1 + 1)

E

<.
Il
—

2 SD IA A ([0 o ) AU i+ 262)

This can be written as
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A((haki)

142

e

-1

(D) T+ DA({L i 2)
1

S REAVE ST . 4 .
+(=1) A {1}@,1+Z S (=1 A{1 o )AL} + 1 — 3 2)
0

=1

<.
Il

1=

0 (0 ) A i) (4.17)

We know that A(k;z) satisfies the shuffle relation. Setting m = k — 1 and n = r — j in Lemma

4.13, we can write the inner summation of the second term of equation (4.17) as bellow.

N

-1
(1 A{1 o1 DA r + 1 =5 2) = — > A(K'; 2).

1 K |=k—14r—i,Vk;>1
d(k")=k—-1

<.
Il

By substituting this into equation 4.17, we get

A <{1}r—17 b Z) = (DT} r + DAL} xo i 2)

1+2
r—1
k—1 .1_Z s
WU A(eE) Y am)

K |=k—1+r—iVk; >1
d(k')=k—1

T. ol
=) [\

+

DA (1015 ) Ah)
k—2

= S I+ DA )
=0

+(=DMTY A <{1}i; :i) > AK; 2). (4.18)
=0

|K'|=k—1+r—iVk;>1

d(k')=k—1
We can write the second term of the above equation as
_ 1-=2
k—1
(1) >, A <{1}ak? 1+z> Alag +1,-+ a5+ 152). (4.19)
aj+-tap=r
Va; >0

From this we can obtain the desired result. [ |
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Kaneko and Tsumura obtained a formula for ¢)({1},_1,k;s) in [12, Theorem 5.3] which is the
level two analogue of [2, Theorem 8]. We provide a proof by using Theorems 4.14, 4.8 and 4.3.

Theorem 4.15 ([12] Theorem 5.3). For r,k > 1, we have

P({1hokis) = (DM YD ( T 1)T<a1 Pl T+ )

aj+--tap=r Ak
Va; >0
k—2 '
+ (_1)JT({1}T—17 k— j)T({l}j—lv S)'
§=0
Proof. Consider Theorem 4.14.
k—2
A (k52 ) = DT+ DA i)

:0

.

f— 1—=2
+(—1) 1 Z A<{1}ak’]_~l»z) A(al—i-l,...,ak_l—i-l;z). (420)
aq+-+ap=r
Va ;>0

We can see that the right side the the above equation is in the form of Theorem 4.8. Then,
we can write the each term of equation (4.20) in the form of Theorem 4.9. By using the duality

relation of T', we can obtain the desired result. |

We obtain the level two analogue of [2, Theorem 9] which gives the result on special values at

positive integers..

Theorem 4.16. Let m,r > 1, k > 2 be integers. Then, we have

k—2

w({l}r—lvk;m"i_l)—i_( ) ({l}m lak T+1 :Z ]T {1}7" 17 )T({l}m—1?2+])
7=0

(4.21)

Proof. By the definition

1 o0 m
({1} —1, ksm+1) = m,/o Sizh(t)A({l}T_l,k;tanht/2)dt

Then by using the identity

A({1},,; tanh t/2) — %

we have
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V({11 km 1)

- 1
_ /0 A({l}H,k;;tanht/z)A({l}m;tanht/2)sinh(t)dt

= /OOO A({l},_l,k;tanht/2)iA({1}m,1,2;tanht/2)dt

= T({1},—1, ) T({1} 1, 2 / A({1},_1, k; tanh £/2)A({1},,_1, 2; tanh £/2)dt
= T({1},_1, )T ({1}n_1,2) / A{1}p ke — 1 tanht/2) A({1}y_1, 3; tanht/2)dt
=T({1} -1, H)T{1}-1,2) = T{1}—1, b = DT({1}-1,3)

+/ NG 2;tanht/2)%A({1}m_1,4; tanh £/2)dt
0

k—2
= (-1YT({1}, 1.k =) T({1}m-1,2+J)
7=0
k1 [ dt
+(-1) / A({1},;tanht/2)A({1},,_1, k; tanht/2)—
0 sinh ¢
k—2 '
= (_1)JT({1}T—1ak_j)T({l}m—172+j)+ ( )k+1 ({1}m 17k T+1)
=0
From this we can obtain the desired result. [ |

Kaneko and Tsumura obtained the following formula for 1 at positive integers. It can be con-

sidered as a special case of Theorem 4.3.

Corollary 4.17 ([12] Theorem 5.5). Let r,k > 1 and m > 0 be integers. Then we have

_|_
w({l}r_l’k’m—i_l) - Z (ak T>T(a1+17"‘7ak—1+17ak+7'+1).
a1+--+ap=m r

We give a proof to the above theorem by using Theorem 4.15 and Theorem 4.16.

Proof. To prove this, put s = m + 1 in Theorem 4.15. Then, we have

- +
Y1 km+ 1) = (D) <“’“ m)T(al +1,.. a5+ 1a, +m+1)
ai1+-+ap=r m
Va;>0

T
no

+ (_1)jT({1}r—17k_j)T({l}j—17m+ 1).

<.
Il
o
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Then compare this with Theorem 4.16 and the duality T'({1};,m + 1) = T({1},,_1,2 + j). Then,
we obtain the desired formula for m > 1. By using the definition and the above mentioned duality

we can directly obtain the desired formula for the case m = 0. |
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