SN KREZZ2MTIER Y R b

Kyushu University Institutional Repository

Theoretically Proof of the Efficiency of the
GLSE with Compare to the OLSE of the Parameters
for the Specific From of Heteroscedasticity
that is, o "2 i=0 ~2X 72 iwith Z ~
n i=1X "2 i=n

Md. Sharif Hossain

https://doi.org/10.15017/3000219

HARTEER : $2555m9%. 104, pp.63-79, 1999-07-30. MM KFEKRERZFFEE
N—o30:

HEFIBAMR




Theoretically Proof of the Efficiency of the GLSE with Com-
pare to the OLSE of the Parameters for the Specific Form of

Heteroscedasticity that is, 0?=¢*>X? with Zl i=n
Md. Sharif Hossain?

Abstract

The principal purpose of this research is to show theoretically that the generalised least squares
estimators (GLSE) are more efficient than that of the odinary least squares estimators (OLSE) of
the parameters for the specific form of heteroscedasticity that is, error variances are proportional

to the square of the independent variable with the additional condition that sum of squares of the
observations of the explanatong vaniable is equal to the number of observations that is, ZIX i=

n, where, “X” is the explanatory variable and “#” is the total number of observations.
Moreover, the particular form of heteroscedasticity has been considered for a specific linear
regression equation without the intercept term imposing the additional condition. In order to show
theoretically the efficiency of the GLSE as compared to the OLSE of the parameters for the
specific form of heteroscedasticity with the additional condition, we have to derive some impor-

tant properties of the OLSE of parameters for the specific form of heteroscedasticity with the
n
additional condition that, ZIX%= 7.

For empirical verification of the theoretical construct of this research, a set of real data on the
total collections and collection of bound journals for 45 libraries in Bangladesh for the year 1995
has been used. The rationale behind the choice of the data set for the current purpose is also

delineated.
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1 Introduction

Econometric model building is based on some crucial assumptions. One such assumption is the
assumption of homoscedasticity. However the assumption of homoscedasticity may not remain
valid in many practical situations, particularly when one deals with cross-section data. Thus the
problems associated with heteroscedasticity arise. It is well known that the violation of homos-
cedasticity in regression model results in impairing the properties of the parameter estimates.
Now depending on the form of heteroscedasticity, properties of the parameter estimates, testing
procedures and estimation techniques etc differ.

With respect to testing the presence of heteroscedasticity and estimation of the heteroscedastic
model a lot of works have been done. Now, for the testing procedure, one can refer Bartlett(1937),
Goldfeld and Quandt(1965, 1972), Glejser (1969), Spearman’s Rank Correlation test (1972), Harvey
(1974, 1976), Breush-Pagan (1979), White (1980), Harvey and Phillips (1981), Engle (1982) etc. And,
also for estimation of the heteroscedastic model, one can refer to Thiel (1951, 1971), Prais (1953),
Prais and Houthakker (1955), Park (1966), Kakwani and Gupta (1967), Hildreth and Houck (1968),
C.R.Rao (1970, 1972), Kmenta(1971), Theil(1971), Goldfeld and Quandt (1972), Amemiya (1973),
Froehlich (1973), Hartly and Jayatllake (1973), Harvey (1974), Oberhofer and Kmenta (1974), Raj
(1975), Magnus (1975), Amemiya (1977), Brown (1978), Jobson and Fuller (1980), Battese and Bony
Hady (1981). Harvey (1976) also developed the estimation technique for autoregressive condi-
tional heteroscedastic (ARCH) model and estimation technique of heteroscedastic regression
model with correlated disturbances have been developed by Dhrymes (1971), Oberhofer and
Kmenta (1974), Magnus (1978). Recently in the field of Time Series Econometrics, generalized
autoregressive conditional heteroscedastic (GARCH) model has been developed and many

researchers have also paid their attentions. All the testing procedures and estimation techniques
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reffered to above differ among themselves depending on the form of heteroscedasticity. Like-
wise, properties of the parameter estimates also depend on the form of heteroscedasticity. In
this paper, it is very much important and interesting to show theoretically that the GLSE are

more efficient than that of the OLSE of the parameters for the assumed form of heteroscedas-
ticity that is, o%=02X?% with the additional condition that, Z;Xzi:n. To show theoretically of

the efficiency of the GLSE with compare to the OLSE of the parameters for the particular form
of heteroscedasticity with the additional condition, it is very much important to derive some

important properties of the parameter estimates for the specific form of heteroscedasticity with
the additional condition that, 2} X?:=u#.

One of the main concerns of this paper is to review critically the works done so far regarding

heteroscedasticity.
Finally an empirical investigation in this regard has also been provided in this paper for a given

data set.
2 Meaning of Heteroscedasticity

In this part we will present a brief overview of the underlying concept of heteroscedasticity.

Let us consider the general linear regression model of the form,

Y=XpB+e (1
where,
Y 1 Xu Xa o ¢« X\ / Bo\ / €1\
/Yz\ 1 X Xeo o ¢ Xeo B €2
y:\./; =+ = e e e e W ;8= ¢« |;e=| -
Yn 1 Xm Xz,z' e - an Bk €n
where;

Y denotes the (#X1) vector of the observations of a dependent variable,

X denotes the (%X (k+1)) matrix of the explanatory variables,

B denotes the ((£+1)X1) vector of unknown constants,

e denotes (#X1) vector of the stochactic disturbances.

The following are the usual underlying assumptions of the model.

1. & is normally distributed for all i (7=1, 2,...%.)

2. E(e)=0%; for all i.

3. Var(e:))=0%; for all i.

4. X is a fixed matrix with no stochastic regression. X has a full column rank (no perfect

multicollinearity).
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5. E(X:, €)=0;

6. Cov(e;, €,)=0; for i=+j.

Accordingly we can write, e:~NID(0, 02).

We note that we shall refer the model given above as the general linear model untill and unless
some specific form is mentioned. In OLS method the errors are assumed to be distributed
independently with zero mean and constant variance. However, in many economic studies,
specially in cross-section or micro-economic analysis, the assumption of constant variance may
not valid. In this situation the problems of heteroscedasticity arise.

Now, heteroscedasticity may arise with correleted or uncorreleted errors, whose structures are

shown below,

i) Heteroscedasticity with no autocorrelation;

0300+ -0
0050« ++0
Var(e): e o e ° o o o ;

e o o o o o o

000« «0%

ii) Heteroscedasticity with autocorrelation;

ot 0'0102 olo1os ¢« ¢+ p"l0i0n

0'0201 03 o'ozos =+ 0" 2020
Var(e)z . . . . . . . ;
0" l0n0r 0" 0n02 0" P0n0sc ¢ e 0% /

In either case, heteroscedasticity may occur principally in the following two forms;

1 Multiplicative form:
02=02Z% (Lahari and Egy, 1981), where & measures the importance of heteroscedasticity, o2 is
the proportional constant, and Z’s are variables which are responsible for heteroscedasticity.
A general representation of the multiplicative form of heteroscedasticity is as follows,
log(o%)=logo?+ Silog(Za)+......+ Srlog(Z:x) 2)

2 Additive form:
o?=a+ bX:+ cX% (Goldfeld and Quandt, 1972), where a, b, and ¢ are constant, b and ¢ measure
the importance of heteroscedasticity. X: be the explanatory variable.
A general representation of the additive form of heteroscedasticity is as follows,
oti=avtaZan+.....+ arZin; where, Ziww=X"* (3)

Also the graphical representation of heteroscedasticity is shown below.
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3 Plausible Sources of Heteroscedasticity

In general, heteroscedasticity may arise due to various reasons, among which the following are
the most important ones.

Heteroscedasticity may be due to the omission of the explanatory variables and inclusions of
the irrelevant variables in the model. Heteroscedasticity may also arise in a “number of random
coefficient models”. Heteroscedasticity may arise in a group data. Hateroscedasticity may
arise in many econometric studies especially in cross-section or micro-economic and time series
analysis.

Now, important issue arises about what are the adverse impacts of heteroscedasticity and we

discuss;

4 Consequences of Heteroscedasticity

Now it is pertinent to focus on the consequences resulting from the presence of heteroscedas-
ticity. Such consequences are delineated below.

If we apply the OLS method to the regression equation, we have Var(8)=(X'X)"'¢%. With
heteroscedasticity the variance of € would not be a finite constant figure rather would tend to
change with an increasing or decreasing values of X. Thus heteroscedasticity renders the above
formula inapplicable to conduct test of significance and to cnstruct confidence intervals.
Moreover, for the presence of heteroscedasticity the unbiasedness of the parameters is not
affected but they have no the minimum variance property. So we can say that in the case of the
presence of heteroscedasticity, the OLS estimates do not satisfy the BLUE property. And also
they are not asymptotically efficient. We can say that the prediction of a dependent variable Y
for a given values of the independent variables X’s based on estimators B from the data

exhibiting heteroscedasticity would be inefficient, because the variance of the prediction includes
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the variances of € and of the parameter estimates, which are not minimum due to the incidence
of heteroscedasticity.

An important aspect of applied econometric research is testing the assumptions involved in
econometric model. Thus, when dealing with a cross-section data set, test for heteroscedasticity
is an important issue because of the assumption of the constant variance of the random distur-
bances across observations is likely to be violated. However, none of the tests for heteroscedas-
ticity and none of the estimation techniques for the heteroscedastic model can be considered to
be final. Depending on the structure of heteroscedasticity both testing procedures and estimation
procedures will differ.

In this paper an attempt has been made to show theoretically of the efficiency of the GLSE with

compare to the OLSE of the parameters for the specific form of heteroscedasticity that is, o?=
0?X? with the additional condition that, g}lX 2=u. For this purpose at first an attempt has been
made to derive some important properties of the ordinary least squares estimates when a
particular heteroscedastic structure is considered with the additional condition that, EHIX i=n.

Hence, now we pass to next to derive some important properties of the OLSE of parameters in

a linear regression model for a specific form of heteroscedasticity with the additional condition

that, é}X’E:n.
5 Derivation of Some Important Properties of the OLSE of the Parameters for a
Specific Form of Heteroscedasticity that is, o2=0¢°X? with the Additional Condi-

tion that, 3 X?=n.

‘5.1 Introduction

Econometric model may be linear or non-linear. If the model is non-linear, then in most cases
by taking a suitable transformation, the non-linear model can be transformed into a linear model.

However, let us consider the general linear regression equation

Y=XB+e : (4)

where,

Y be the (#X1) vector of the observations of a dependent variable,

X be the (X (£+1)) non-stochastic designed matrix of the explanatory variable,

B be the ((£+1)X1) vector of unknown parameters,

€ be the (nX1) vector of random error terms.

The above model is based on the following assumptions,

E(e:)=0, E(e9)=0% E(eic;)=0; for i+j.



Theoretically Proof of the Efficiency of the GLSE with Compare to the OLSE of the Parameters for

n
the Specific Form of Heteroscedasticity that is, o?=02X?% with ng i=n — 69 —

e~ NIID(0, ¢%) for all i.

When, E(e%)+ 0% then the problem of heteroscedasticity arises.

Heteroscedasticity may arise in various forms, but our interest lies in a specific multiplicarive
form of heteroscedasticity that is, o?=0?X% X%. X%

Now, the specific form of heteroscedasticity, for which our interest lies in investigating some

important properties of the OLSE of parameters in general linear model which is passing through
the origin, is 0?2=0? X? with the additional condition that, ZIX =

For this specific form of heteroscedasticity with the additional condition we derive some
important properties of the OLSE of parameters.

In order to derive some important properties of the OLSE of parameters, our considerable
regression equation is,

Yi=pXite; (i=1,2,3...n.) (5)

where,

Y: be the ith value of the dependent variable,

X: be the ith value of the independent variable,

B be the unknown parameter,

€: be the ith random error term.

The underlying assumptions are as follows,
E(e)=0, E()=0"X% E(e, €)=0; for i+j, and 3 Xi=n.
e~NID(0, 6%)

In matrix notation the equation (5) can be written as follows,

Y=XS+e (6)
where,
Yi Xi €1
Y'Z Xz €2
v=| - |:x=| « |:e=| -
Y. Xn €n
If we apply the OLS method to the equation (6) we have,
A=(X'X)"'X'Y (7)

Let us now examine the OLSE of A for the assumed form of heteroscedasticity with the

additional condition that, Z,X i=n.
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5.2 Properties of 3
5.2.1: Unbiasedness
We have,
B=(X'X)"'X'Y

=(X'X)'X'(XB+¢€)

=8+H(X'X)'X'e (8)
Now, taking expectation on both sides of the equation (8) we have,

E(B)=p, [since, E(e)=0]

This shows, that unbiasedness of the OLSE of A is not affected, if the disturbances are

heteroscedastic of the given form for the given model.

5.2.2: Consistency

We have,
B=B+(X'X)"X'e 9)
Now, taking probability limit of the equation (9) we can write that,
~ 4 -1 7
Plim(8)=g+lim(ZXX ) " plim(£€) (1)
’ 2 7
But, the term % has a zero mean, and variance-covariance matrix is %ZQK.
where,
X350 0 « - 0
0 X3 0 « =+ 0
o= . . . e . .
00 0 - - X2
I Lip?%?)—(— is finite then lim™ ;fiX— will be zero
Here, X'e has a zero mean and its variance-covariance matrix vanishes asymptotically, which

implies that,

. X'e
plim ” =0

hence,
plim(8)=8

This shows that if lim X fX is finite, and then £ is consistent, if the disturbances are of the
n—-o

given form.
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5.2.3: Variance of £ for the Assumed Form of Heteroscedasticity with the Additional Condition
that, gX i=n
We have,

f=(X'X)'X'Y 1
Now,

Xi
Xz
X' X=(X1 Xo.. Xn)| -

Xz

M

X3
i=1

=n[since, éX?Zn] V)]
And therefore we have,
7 71_L
(X'X) =%
Again,
Yi
X'Y=(Xi Xo..Xn)

Y,

_

XY

i

:{Z:ani(BXi—i— 61‘)
= AR X 2 Xe:

=nB+ gxiei 1)

Now, putting these values in equation (1) we can write that,

The variance of 3 is given by,
Var(B)=E(B—B)?

iXiGi \2 )
:E(J:ln ) [putting the value of (8—A8)]
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Z=;¢ Nsince, E(e:, €)=0 for i+7j]
ZXZ
— i=1 2X2
n’
o P (15
5.2.4: BLUE Property

We know that

Yt:BXH' €; . (16)
Now, dividing the equation (6) by X, we can write that,

Y;-*=,8+ ef 1
Here, E(e¥)=0, Var(e*i)'——-}i—% Var(e)=0% E(e},ef)= XX - FE(e,¢e)=0.

Since €¥ is a function of a normal variate €;, hence €} is also a normal variate. Thus, the new
random error term ef satisfies all the usual assumptions, hence we can apply the OLS method to
the transformed equation (17), after applying the OLS method to the transformed equation (17) we

have,

-1z 8

This formula for the best linear unbiased estimator of A is obviously different from that for the
least squares estimator. Thus our conclusion is that, the least squares estimators are not BLUE
when disturbances are heteroscedastic. From this conclusion we can say that the least squares
estimators do not have the smallest variance among all unbiased estimators and therefore they

are not efficient.

5.2.5: Asymptotically Efficiency
The likelihood function of the sample observations (Y Ya......Y,) is given by

=) e B 09

Taking logarithm of both sides of the equation (19 then we have,
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log(L)=— nlog(27r) —-log(az) ( Y"_Gng" )Z 20

z

Now, taking the partial derivatives of the equation (20) with respect to 8 (MLE of ) and then

equating to zero we can write that,

Slogl _ ol (v v 5y )=
5 21216%(1/, XB)(—X:)=0

Py

Therefore, from the equation (2) we have,

uM:

Var(B8)= Xz Var(Y:) [Covariance terms will be vanished]

)1(2 Var(BX:+ €:)

|

M=

—15 Var(e:)

o*X?
X2

M-

@)

I
o 3 3~ xN[»_. 3N|»-a
M
><‘.

Clearly, the variance of the least squares estimator of 8 given in (15) is different from that of the
variance of the maximum likelihood estimator given in (), what ever may be the sample size.
Therefore, since the variance of the least squares estimator is not asymptotically equivalent to
the variance of the maximum likelihood estimator, hence the least squares estimators, are not

asymptotically efficient, when the disturbances are heteroscedastic of the given form.

5.2.6: Varaince of the GLSE for the Assumed Form of Heteroscedasticity with the Additional
Condition that, é}lX ‘=n

From equation (17) the GLSE of the parameter 8 is given by,

f=t2 3t ®

ni=1

From equation (23), variance of (Bg) is given by,

n

Var(Bg)— D) Xz Var(Y:) [Covariance terms will be vanished ]
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é o* X%

a8 X3

1
n2
_o"

n V)
Now, we will pass to show theoretically that the GLSE are more efficient than that of the OLSE

for the assumed form of heteroscedasticity with the additional condition that, ZIX =,

6 Theoretically Proof of the Efficiency of the GLSE with Compare to the OLSE of
the Parameters for the Assumed Form of Heteroscedasticity that is, o3=0*X?

with the Additional Condition that, ﬁ‘!X3=n

We have also derived the varince of the OLSE and also the variance of the GLSE in the previous
section which are given below,

Variance of the OLSE of the parameter is as follows,
5y 02 <h X1
Var(B)= ” !:21 .
And variance of the GLSE of the parameter is as follows,
. 2
Vfl?’(:gg) :%

The ratio of the variances of OLSE and GLSE of the parameter is given by

Var(Bo) n
Let us consider the two real number a: and b..

can write that,

Now, using the Cauchy-Schwartz inequality we

n 2 n n
(Baud) <3050 )
Let, us now putting @.=X?% and b:=1, then from the equation (38) we can write that,
n 2 n
(g X3) <nEx

n n
—n?< n_Z‘,lX% [since, EIX?= 7]
i= i=

2 Xt
=1<= —

Var(8) - var(p) &
— Vaar(ﬁ’g) >1 [smce, Var(B) =~ n

= Var(B)= Var(Bs) ®)

Thus from the equation (1) we have to conclude that the GLSE of regression coefficients are
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more efficient than that of the OLSE for the assumed form of heteroscedasticity with the
additional condition that, Z}X i=n.

Now to show empirically the efficiency of the GLSE as compare to the OLSE, a real data set,
includes the number of journals and total collections for 45 libraries in Bangladesh for the year
1995 has also been collected. The reasons, for choicing the data set for current purpose is also

delineated below.

7 Data Collection

To demonstrate the appropriateness of the theoretical construct, when heterogeneity of
variances are assumed to be of the particular form, i.e. 6?=0%2X?% a real data set has been
collected, which includes the number of bound journals and total collections for 45 libraries in
Bangladesh for the year 1995.

The total collections including the collection of books represents the explanatory variable and
the collection of bound journals represents the dependent variable.

The suitability of data set considered is highlighted below.

1. In the study, the specific form of regression equation considered is, Y;=8X:+¢€:.. The type
of data considered is supposed to conform to the above model, because when the value of the total
collections is zero then the value of the collection of bound journals must be zero. Here Y;
represent the collection of bound journals and the explanatory variable X: represents the total
collections corresponding to the ith library.

2. High possibility for the existence of the heteroscedastic problem in the data can be justified
in the following way. We are dealing with a cross-section data on a number of micro-economic
units which are libraries. It can be postulated that variability of bound journals in the libraries
with small number of total collections is smaller than that of the libraries with large number of
total collections.

Thus if X: be the ith value of the X vector, the variance of Y; around its expected value X:8
can be assumed to be low for small number of total collections and high for large number of total
collections. At a point of time for each library variation in the collection in different libraries
are basically due to the following conceivable reasons.

i: The budget allocation for each library is different.

ii: Variation in demands for library materials of different libraries. In this location of the

library plays an important role basically regarding the number of users and purpose to be
surve by the library.

iii: The libraries which are established in most important regions have the larger collection of
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books than the libraries which are established in less important regions.

For example, the libraries which are established in Dhaka which is the capital city of Bang-
ladesh has the larger collections than the libraries which are established in other district towns
like as Chittagong, Commilla, Munshigonj, Rajshahi etc.

The varying nature of the factors omitted in the regression equation for explaying variation in
the total number of bound journals may introduce disturbances with different variances. Thus,
we have sufficient reasons to suspect the problem of heteroscedasticity of error terms in the given
data set.

Now, on the basis of the real data set, we discuss the results for the efficiency of the GLSE as
compare to the OLSE.

8 Discussion on Results on the Basis of the Given Data Set

8.1 Introduction
The efficiency of the GLSE relative to the OLSE, is illustrated with the help of the real data

set. Now we pass to discuss the empirical results.

8.2 Empirical Results:
In this section we have principally presented the different results obtained by OLS and GLS

method for the specific regression equation formulated for the analysis of the data. Since the
n
data set, does not satisfy the assumed condition Z}lX?=n. Hence the results are obtained by

omitting this condition. The omission of the condition has no any bad impact on the results.
For the given data set we have obtained that the estimated values of the OLSE and GLSE of 8
are respectively 2.11410E-001 and 9.22671E-002. Thus, for the given data set we can say that per
unit increase in value of total collections, the collection of bound journals will be increased as
2.11410E-001.

In addition, the loss of efficiency under the assumed form of heteroscedasticity of the simple
least squares estimates as a compared with the generalized least squares estimation can be

illustrated as %24.994058. Thus we can say that the variance of the least squares
g

estimate of 3 is more than that 5 times as large as that of the GLSE of 5. That implies that the
GLSE is more efficient than that of the OLSE for the given data set.
We also presented the results of OLSE, GLSE and the ratio of the variances of OLSE and GLSE

of the parameter obtained for the given data set with the following table.
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Table
Results of OLSE, GLSE and the Ratio of the Variances of OLSE and GLSE

Name of Estimators Value
OLSE 2.114104E-001
GLSE 9.226721E-002
Ratio of the Variances 4.9940580

Now, we pass on the next section to draw an overall conclusion

9 Discussion and Conclusion

The main concern of this thesis is to show theoretically of the efficiency of the GLSE as

compare to the OLSE of the parameters for the specific heteroscedastic model without intercept
n
term with the additional condition that, EIX ?=n. In order to show the efficiency of the GLSE

of parameters as compared to the OLSE of parameters for the specific heteroscedastic model
with the additional condition, we have also derived some important properties of the OLSE of
parameters for the specific heteroscedastic model with the additional condition. Now to make
an appropriate start of the research we have to made a wide literature survey. We have also
highlighted some statistical facts to provide some motivations for the particular form of heteros-
cedasticity.

It is noted that in many economic studies, specially in micro-economic analysis the heteros-
cedastic problem arises. The heteroscedastic problem may arise with correlated error terms or
without correlated error terms. Thus, for the analysis of the heteroscedastic data set, it is very
much important to know the particular form of heteroscedasticity, and in this paper we concen-
trated on a particular type of multiplicative form of heteroscedasticity.

As regards of the optimum properties of the OLSE of the parameters, it has been examined that
the OLSE of the parameters are unbiased, consistent but not BLUE for the given heteroscedastic
model. It has also been observed that OLS estimators are not asymptotically efficient for the
given form.

We have also obtained the GLSE of the parameters for the given form of heteroscedasticity and
we have examined theoretically that the GLSE of the parameter is BLUE and it is also efficient
as compared to the OLSE for the given form of heteroscedastic model with the additional
condition. In order to examine empirically how much efficient is the GLSE than that of OLSE
of parameter we have calculated the variance of the GLSE and of the OLSE of the parameters

for a given data set. In order to demonstrate the results, a real data set has been used which was
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collected from the 45 libraries in Bangladesh for the year 1995. From the estimated results we
have concluded that the per unit increase in value of total collections the collection of bound
journals will be increased as 2.11410E-001, which indicates that the collection of average number
of bound journals of the libraries in Bangladesh is very poor. For the higher study, this collection
of bound journals is insufficient. That is why, we can conclude that, it is very necessary to
increase the collection of bound journals for the higher study in Bangladesh. From the another
estimated results we have also concluded that the variance of the OLSE of the parameters is
about 5 times as large as that of the GLSE of the parameters. Therefore we have to conclude
that for the given data set the generalised least squares estimates are more efficient (about 5
times) than taht of the OLSE of the parameters. Finaly, we can conclude that the variability of

the collection of bound journals from library to liabrary is very high in Bangladesh.
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