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Chapter 1

Introduction

Figure 1.1: CIE Lab color coordinate system
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At the development of the new color or texture in a car motor company,
it is very important to match the color between products or parts in order
to produce the good appearance and design. At first, we review color
coordinate systems briefly.

The CIE Lab system (Commission Internationale de l’Eclairage) [1] is
one of color coordinate systems. Each color in the system is represented by
L (lightness), a for the green-red and b for the blue-yellow color components[3].
Figure 1.1 shows CIE-Lab system of colors. The lightness L takes the value
from 0 to 100, whereas a and b are ranging from −90 to 90 degrees.

The human visual system has a dead zone characteristic, i.e., a set of
colors with little difference is visually recognized as the same color[4].
This dead zone is represented by an ellipsoid in the Lab space with the
color center of interest[6]. Then, prediction of a dead zone ellipsoid cor-
responding to a new color is required to know the acceptable zone in the
Lab space (the color matching problem).
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Figure 1.2: Ellipsoids for DuPont data set

The DuPont dataset[7] gives 19 pairs of colors and ellipsoids in the
Lab space. See Figure 1.2 for color centers and corresponding ellipsoids.
Note that shapes of ellipsoids are different color to color. It is also seen
that similar colors have similar shapes in Lab space[8]. For examples,
”Strong orange yellow” and ”Moderate yellow” have similar shapes with
long and thin for the b coordinate. Also, ”Moderate green”, ”Moderate
bluish green”, and ”Dark bluish green” have similar shapes with long and
thin for a coordinate.

The dataset is represented as (ui, Gi) for i = 1, 2, ..., 19, where ui =
(ai, bi, Li)

T denote color centers, and Gi = (gijk), j, k = 1, 2, 3 denote pre-
cision matrices (positive definite matrices) giving ellipsoids for colors ui.
The dataset will be given in Section 2.

The problem considered here is to predict an ellipsoid or a positive def-
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inite matrix for a new color center given as u0 = (a0, b0, L0)
T ∈ [−90, 90]2 ×

[0, 100]. Then, the tolerance ellipsoid for the color with center u0 is given
by an ellipsoid:

(v − u0)
T G(u0) (v − u0) ≤ 1 (1.1)

where v = (a, b, L)T is a vector of variables in the Lab space, and

G(u0) =

 g11(u0) g12(u0) g13(u0)
g12(u0) g22(u0) g23(u0)
g13(u0) g23(u0) g33(u0)

 (1.2)

is a positive definite matrix corresponding to the color with center u0. In
the sequel, we will estimate G(u0) through nonparametric and parametric
methods in Sections 2 and 3 respectively.

We consider three metrics between positive definite matrices as the
accuracy assessment of the estimated ellipsoids. We also consider three
normalizing methods for Gaussian weights to the observed positive defi-
nite matrices. Then, we developed a nonparametric method of Nadaraya-
Watson type estimation based on Gaussian kernel with several bandwidth
parameters. Furthermore, we propose a matrix-valued regression to log-
arithm of positive definite matrices as response variables and three ele-
ments of color centers as explanatory variables.

The best result was obtained by the nonparametric methods with three
bandwidth parameters. The log normal regression shows weaker perfor-
mance. Its model estimation, however, is easily carried out. The both of
the proposed methods would greatly reduce the cost of color matching
compared with the conventional cut-and-try method. This would make
the development of new colors more efficient.
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Chapter 2

Nonparametric prediction of
positive definite matrices

The ellipsoid (1.1) of the color ui = (ai, bi, Li)
T (i = 1, 2, . . . , 19) in the

DuPont dataset is rewritten as follow.

(v − ui)
T V−1

i (v − ui) ≤ 1 (2.1)

where v = (a, b, L)T and

Vi =

 vi11 vi12 vi13
vi12 vi22 vi23
vi13 vi23 vi33

 (2.2)

is a positive definite matrix corresponding to the variance-covariance ma-
trix. Table 2.1 lists color names, centers ui and matrices Vi of the DuPont
dataset.
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Table 2.1: Color names, centers and ellipsoids from the DuPont dataset
Center Names a b L v11 v22 v12 v13 v23 v33
Moderate blue -1.40 -27.81 35.34 1.78 5.02 -1.17 -0.05 0.27 0.85

Moderate greenish blue -16.37 -11.26 50.26 2.56 2.34 0.12 -0.07 -0.03 0.62
Medium gray -0.78 1.05 59.33 0.78 1.96 -0.13 0.03 0.13 0.78

Moderate bluish green -27.55 2.37 55.62 5.89 1.75 -0.36 -0.30 0.15 0.95
Light brown 12.61 20.57 62.93 1.74 2.30 0.37 0.02 0.15 0.88

Grayish purple 12.15 -13.08 46.39 2.11 3.73 -0.96 0.03 -0.08 0.81
Dark reddish orange 35.65 21.40 42.32 3.66 2.80 0.59 -0.09 0.11 1.04

Moderate yellow 1.94 35.64 78.02 1.65 4.13 0.25 -0.02 0.21 1.29
Grayish yellow green -10.01 13.28 64.94 1.43 2.36 -0.28 -0.14 0.14 0.76

Black -0.45 0.42 14.14 0.63 2.10 -0.06 0.01 -0.06 1.52
Light bluish green -30.73 -5.03 68.68 6.13 4.07 -1.13 -0.42 0.11 1.09

Moderate reddish brown 21.12 17.80 28.89 1.24 2.63 0.41 -0.09 -0.20 1.03
Dark bluish green -33.64 -5.01 31.68 21.94 1.52 1.60 -1.52 0.02 1.27

Brilliant greenish blue -13.44 -25.90 59.90 3.12 5.60 -1.25 -0.04 -0.54 1.30
Very dark red 25.24 3.41 17.36 4.26 2.69 -0.18 -0.26 0.26 1.25

Moderate purplish pink 31.51 -0.18 58.11 5.83 3.99 -0.42 0.08 -0.12 1.74
Dark blue 6.83 -31.15 30.19 1.77 3.03 -1.10 -0.01 -0.01 1.07
Light gray 0.31 0.21 83.48 1.10 5.28 -0.51 0.15 -0.10 1.90

Strong orange yellow 18.23 79.89 76.06 3.47 19.34 -0.03 0.19 0.66 2.40

2.1 Normalization of input vectors

Hereafter, color centers ui = (ai, bi, Li)
T are used for expression of Vi. Table

2.2 summarizes basic statistics of Table 2.1. It is seen that sample means
are largely different. Therefore, we consider the following normalization
methods for deriving Gaussian kernel weights.

Table 2.2: Basic statistics of color centers
Sample means Standard deviations Minimum Maximum

ai 1.641 20.236 -33.638 35.646
bi 4.034 25.276 -31.146 79.894
Li 50.717 20.289 14.140 83.481

First normalization method Let u = (a, b, L)T ∈ [−90, 90]2 × [0, 100] de-
note a color in Lab space. Then, we define the following normaliza-
tion:

ψ1 (u) =
(

a
90

,
b

90
,

L
50

− 1
)
∈ [−1, 1]3 (2.3)

where we take denominators 90 or 50 so that the transformed values
belong into an interval [−1, 1].
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Second normalization method The second normalization is based on
sample means and standard deviations.

ψ2 (u) =
(

a − ā
sa

,
b − b̄

sb
,

L − L̄
sL

)
∈ R3 (2.4)

where ā and s2
a denote the sample means and the sample variance of

ai. Similarly, b̄, s2
b, L̄, and s2

L are defined.

Third normalization method The third normalization is to transform u
into the unit cube as

ψ3 (u) =
(

a − amin

amax − amin
,

b − bmin

bmax − bmin
,

L − Lmin

Lmax − Lmin

)
∈ [0, 1]3 (2.5)

where amin = min {a1, · · · , an}. Similarly, amax, bmin, bmax, Lmin and
Lmax are defined.

2.2 Metrics between positive definite matrices

Let L =
(

ljk

)
and M =

(
mjk

)
be positive definite matrices of order

3. We use the following three metrics for evaluating the positive definite
matrices in order to obtain the best Gaussian kernel estimations.

Frobenius norm The Frobenius norm gives the Euclidean norm between
two matrices.

∆F (L, M) = ∥L − M∥F =

√√√√ 3

∑
j=1

3

∑
k=1

(
ljk − mjk

)2 (2.6)

Riemannian metric The Riemannian metric is obtained from the geomet-
rical distance between two matrices[12].

∆R(L, M) =

√√√√ 3

∑
j=1

{
log λj (L−1M)

}2 (2.7)
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where λj
(
L−1M

)
> 0 denotes the j-th largest eigenvalue of L−1M.

Kullback Leibler (KL) divergence We apply the KL divergence between
N(0, L) and N(0, M) by regarding two matrices as the variance-covariance
matrices of two independent Gaussian distributions having zero mean.

∆KL(L, M) =
1
2

{
log

∣∣∣L−1M
∣∣∣+ trace

(
L−1M

)
− 3

}
(2.8)

The first two metrics satisfy the three axioms of the distance whereas KL
does not.

2.3 Nonparametric estimation of a center matrix
by Gaussian kernel

Gaussian kernel estimation is applied to the positive definite matrices [19].
We set V as the space containing all positive definite matrices of order p.
Assume that training data set {Vi ∈ V | i = 1, · · · , n} is available. Then,
our aim here is to derive an ellipsoid i.e. a matrix V ∈ V of the training
data in some sense. The matrix is defined by minimizing the following
loss function:

L(V) =
n

∑
i=1

wi∆KL(V , Vi) for weights wi > 0 with ∑
i

wi = 1 (2.9)

where ∆KL(·, ·) is the KL divergence defined by (2.8).

Proposition Let

V̂ =
n

∑
i=1

wiVi ∈ V (2.10)

be a weighted sum of the training data. Then, it holds that

V̂ = arg min
V∈V

L(V) (2.11)
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Proof We obtain that

2L(V̂) = ∑
i

wi

[
trace

(
ViV̂−1

)
− p + log

∣∣∣ViV̂−1
∣∣∣]

By the linearity of the trace function, we have

2L(V)− 2L(V̂) = trace
(

V−1V̂
)
− log |V | − p + log

∣∣V̂ ∣∣
= trace

(
V−1V̂

)
− p + log

∣∣∣V−1V̂
∣∣∣ ≥ 0

The last inequality follows from the non-negativity for KL diver-
gence (2.8). Note that the equality holds if and only if V = V̂ .

Proposition implies that the weighted sum (2.10) minimizes the loss func-
tion (2.9). In the sequel, determination methods of the weights wi are pro-
posed from different viewpoints.

2.3.1 Gaussian kernel estimation 1

In the first method for predicting the positive definite matrix for a certain
color center u, we normalize input vector u and obtain ψq(u) defined by
(2.3) to (2.5) for q = 1, 2, 3. Next, we apply a single bandwidth tuning
parameter γ > 0 to the nonlinear weighting function:

V̂(ψq(u)) =
n

∑
i=1

wi(ψq(u), γ)Vi (2.12)

where wi(ψq(u), γ) =
exp

{
−γ

∥∥ψq(u)− ψq(ui)
∥∥2
}

n

∑
l=1

exp
{
−γ

∥∥ψq(u)− ψq(ul)
∥∥2
} . (2.13)

If γ = 0, (2.12) gives the mean matrix of Vi. The positive definiteness of
the matrix given by (2.12) is easily shown because it is given by the sum of
positive weights on positive definite matrices.

The validity of estimation using the weighted sum in the form of (2.13)
is ensured by Proposition. The bandwidth parameter γ > 0 is tuned by
minimizing a metric between the estimated and observed positive definite
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matrices using leave-one-out cross-validation. We consider three types of
metrics: the Frobenius norm, the Riemannian metric, and the KL diver-
gence.

Let V̂i be the estimated positive definite matrix in the form of (2.12)
with (2.13) using the training data with omitting Vi. We tune parameter γ
using the three metrics.

Frobenius norm

γ̂F = arg min
γ>0

n

∑
i=1

∆2
F
(
Vi, V̂i

)
(2.14)

where ∆F(·, ·) denotes the Frobenius norm (2.6).

Riemannian metric

γ̂R = arg min
γ>0

n

∑
i=1

∆2
R
(
Vi, V̂i

)
(2.15)

where ∆R(·, ·) denotes the Riemannian metric (2.7).

KL divergence

γ̂KL = arg min
γ>0

n

∑
i=1

∆KL
(
Vi, V̂i

)
(2.16)

where ∆KL(·, ·) denotes the KL divergence (2.8).

2.3.2 Gaussian kernel estimation 2

The diagonal elements in positive definite matrix V are important than the
off-diagonal elements because these parameters determine the ellipsoidal
size corresponding to the color coordinates. We thus deconstruct the pos-
itive definite matrix V

(
ψq(u)

)
to the standard deviations and correlations

as:

V
(
ψq(u)

)
= S

(
ψq(u)

)
C
(
ψq(u)

)
S
(
ψq(u)

)
(2.17)
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where

S
(
ψq(u)

)
=


√

v11
(
ψq(u)

)
0 0

0
√

v22
(
ψq(u)

)
0

0 0
√

v33
(
ψq(u)

)
(2.18)

C
(
ψq(u)

)
=

 1 ρ12
(
ψq(u)

)
ρ13

(
ψq(u)

)
ρ12

(
ψq(u)

)
1 ρ23

(
ψq(u)

)
ρ13

(
ψq(u)

)
ρ23

(
ψq(u)

)
1

 (2.19)

The standard deviations and correlations are estimated using different
bandwidths γ > 0 and δ > 0 as√

vjj
(
ψq(u)

)
=

n

∑
i=1

wi
(
ψq(u), γ

)√
vijj, j = 1, 2, 3 (2.20)

ρjk
(
ψq(u)

)
=

n

∑
i=1

wi
(
ψq(u), δ

)
ρijk (2.21)

, (j, k) = (1, 2), (1, 3), (2, 3)

wi
(
ψq(u), γ

)
=

exp
{
−γ

∥∥ψq(u)− ψq(ui)
∥∥2
}

n

∑
l=1

exp
{
−γ

∥∥ψq(u)− ψq(ul)
∥∥2
} (2.22)

The ρijk is the (j, k) correlation of matrix Vi. Two bandwidths are estimated
by minimizing the metric as

Frobenius norm (
γ̂F, δ̂F

)
= arg min

γ>0, δ>0

n

∑
i=1

∆2
F
(
Vi, V̂i

)
(2.23)

where V̂i is derived using (2.17) with two parameters , and ∆F(·, ·)
denotes the Frobenius norm (2.6).

Riemannian metric (
γ̂R, δ̂R

)
= arg min

γ>0,δ>0

n

∑
i=1

∆2
R
(
Vi, V̂i

)
(2.24)
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where ∆R(·, ·) denotes the Riemannian metric (2.7).

KL divergence

(
γ̂KL, δ̂KL

)
= arg min

γ>0,δ>0

n

∑
i=1

∆KL
(
Vi, V̂i

)
(2.25)

where ∆KL(·, ·) denotes the KL divergence (2.8).

Note that the tuned parameters depend on the normalization methods
ψq(·). Note also that V̂i is positive definite because its correlation matrix
is given by a linear combination of training correlation matrices with pos-
itive weights.

2.3.3 Gaussian kernel estimation 3

First and second estimation methods in 2.3.1 and 2.3.2 use the common
parameter γ for the variances v11, v22, and v33 for normalization types q =
1, 2, 3. Actually, the maximum and the minimum of vi11 is given by 1.600
and 0.054 respectively (see Table 2.1). This means v11 corresponding to
color coordinate a and other two variances should be modeled separately.
Under this consideration, we will propose the following third model.√

v11
(
ψq(u)

)
=

n

∑
i=1

wi
(
ψq(u), γ

)√
vi11, (2.26)

√
vjj

(
ψq(u)

)
=

n

∑
i=1

wi
(
ψq(u), δ

)√
vijj, j = 2, 3 (2.27)

ρjk
(
ψq(u)

)
=

n

∑
i=1

wi
(
ψq(u), η

)
ρijk (2.28)

, (j, k) = (1, 2), (1, 3), (2, 3)

Then, three bandwidths are tuned as follows.

Frobenius norm (
γ̂F, δ̂F, η̂F

)
= arg min

γ>0, δ>0, η>0

n

∑
i=1

∆2
F
(
Vi, V̂i

)
(2.29)
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where V̂i is estimated using (2.17) with three bandwidths , and ∆F(·, ·)
is the Frobenius norm (2.6).

Riemannian metric(
γ̂R, δ̂R, η̂R

)
= arg min

γ>0,δ>0,η>0

n

∑
i=1

∆2
R
(
Vi, V̂i

)
(2.30)

where ∆R(·, ·) is the Riemannian metric (2.7).

KL divergence

(
γ̂KL, δ̂KL, η̂KL

)
= arg min

γ>0,δ>0,η>0

n

∑
i=1

∆KL
(
Vi, V̂i

)
(2.31)

where ∆KL(·, ·) is the KL divergence (2.8).

Note that V̂i is positive definite by the same reason stated in two-bandwidth
case.

2.4 Numerical experiments through DuPont dataset

The proposed nonparametric formulas up to three bandwidths based on
three normalization methods were applied to the DuPont training dataset.
We have 9 (= 32) possible prediction formulas for positive definite ma-
trices. The bandwidths were tuned by the leave-one-out cross validation
according to the three metrics between observed and predicted matrices.

Table 2.3 compares 27 (= 33) models and lists tuned bandwidths. The
first row separated the models according to the number of widths one, two
and three corresponding to formulas (2.14), (2.23) and (2.29). The second
row implies the qth normalization methods with q = 1, 2, 3 for each block.
The 2nd entry of the 4th row, 727.9, gives the minimum Frobenius norm
appeared in (2.14) with the optimal bandwidth based on the first normal-
ization method q = 1. The 9th entry in the 4th row, 586.8 in bold face,
gives the minimum Frobenius norm (2.29) in the same row. Similarly, nu-
merals in bold face at 5th and 6th rows mean that they are minimum in the
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respective rows. It is observed that Riemannian metric and KL divergence
chosen the model with three bandwidths based on the third normaliza-
tion method. The estimated bandwidths are tabulated from the 8th to 16th
rows.

It is seen from Table 2.3 that the models with three bandwidths show
the best performance. Furthermore, the second and third normalization
methods works well, and the difference between the second and the third
normalizations is small.

Table 2.3: Comparison of kernel estimation results
Number of bandwidths One (2.12) Two (2.20 to 2.21) Three (2.26 to 2.28)

Normalization methods: q 1 (2.3) 2 (2.4) 3 (2.5) 1 (2.3) 2 (2.4) 3 (2.5) 1 (2.3) 2 (2.4) 3 (2.5)
Metrics

Frobenius norm 727.9 611.7 624.6 734.8 607.4 605.5 719.9 586.8 598.0
Riemannian metric 26.52 20.99 19.95 26.42 20.64 19.78 24.79 20.12 19.54

KL divergence 8.686 6.472 6.297 8.666 6.620 6.378 8.057 6.335 6.286
Bandwidths

γF 21.89 132.1 132.1 20.31 183.4 832.1 0.031 200,1 1532
γR 25.59 1.771 29.80 13.47 1.563 28.63 0.031 2.250 36.78
γKL 1.217 1.506 26.18 0.031 1.656 33.47 0.031 200.0 44.59
δF − − − 26.91 1.750 20.75 16.78 1.250 256.08
δR − − − 18.06 1.313 17.44 11.84 0.844 15.81
δKL − − − 93.25 1.250 15.72 13.19 0.938 18.50
ηF − − − − − − 16.47 1.813 21.00
ηR − − − − − − 20.19 1.281 17.13
ηKL − − − − − − 83.50 1.156 15.53

Results of calculation and minimization are shown from Figure 2.1 to
2.3 , in the case of the models with three parameters, and the second and
third normalization method. Furthermore, the true ellipsoids are repre-
sented by Figure 2.4. Other combinations with the models having band-
widths and the normalization methods are displayed in Appendix A.

2.4.1 Estimated ellipsoids by the proposed methods

Figure 2.4 depicts the true (a) and estimated ellipsoids by the kernel meth-
ods (b)-(d). It is seen that all the models failed to estimate the flat-shaped
ellipsoid of ”Dark bluish green”. This may come from the fact that this
color is located in the edge of 19 training colors.
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Figure 2.1: Frobenius norm and 2nd normalization

Figure 2.2: Riemannian metric and 3rd normalization
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Figure 2.3: KL divergence and 3rd normalization

Figure 2.4: True ellipsoids of 19 colors
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Chapter 3

Clustering of positive definite
matrices

In previous chapter, it’s seen that results of the Gaussian kernel estimation
with three types of bandwidth parameters and normalization methods are
different from the true positive definite matrices in the numerical exper-
iment. It seems that the estimation using only positive definite matrices
may be insufficiency. Then, it would like to re-examine the relationship
between positive definite matrices and color values given as u = (a, b, L)T

in Chapter 1 by some statistical classification approaches.

3.1 Geometric mean of positive definite matrices
as inverse of positive definite matrices

Let Vk and Vl are positive definite matrices with order of p(= 3), respec-
tively. , where k, l = 1, · · · , n. It’s simply represented as Vk, Vl > 0. Then,
the squared Riemannian metric (2.7) will be rewritten by

∆R(Vk, Vl) =

√√√√ p

∑
j=1

{
log λj

(
(Vk)

−1 Vl

)}2
, (3.1)
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where λj

(
(Vk)

−1 Vl

)
> 0 denotes the j-th eigenvalue of (Vk)

−1 Vl. The
geometric path from Vk to Vl is shown as follow

Vk#tVl = (Vk)
1/2

(
(Vk)

−1/2 (Vl) (Vk)
−1/2

)t
(Vk)

1/2 for 0 ≤ t ≤ 1. (3.2)

Let V = {Vm =
(

Vmαβ

)
α,β=1,2,...,p

∣∣ i = 1, 2, ..., n} be a training data set

of positive definite matrices of order 3 , where Vm are positive definite
matrices given as inverse of positive definites. We purpose a clustering
method of the training data set. The geometric mean V̄ of V1, · · · , Vn is
defined by

V̄ = argminV>0 L(V), where L(V) ≡
n

∑
l=1

∆R(V , Vl)
2. (3.3)

The following theorem is due to [15].

Theorem 3.1.1 The geometric mean V̄ of V1, · · · , Vn is given by

V̄ = exp
[

1
n
{log(V1) + log(V2) + · · ·+ log(Vn))}

]
(3.4)

when

log V = U

 log λ1 0 0
0 log λ2 0
0 0 log λ3

UT (3.5)

Here

V = U

 λ1 0 0
0 λ2 0
0 0 λ3

UT (3.6)

where λ1 > 0, · · · > 0, λ3 > 0 are eigenvlaues of V > 0 and U is an orthogonal
matrix.

3.2 K - means for positive definite matrices

Using this theorem, we can propose the following for positive definite
matrices give as inverse matrices of positive definites[16, 13].
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1st step . Set t = 0, and choose initial cluster centers by different matrices
C(0)

1 , · · · , C(0)
k selected randomly from V1, · · · , Vn.

tth step .

• Allocate Vi into one of centers C(t)
j which minimizes the squared

distance by Frobenius norm or Riemannian metric shown in
(2.6) and (2.7).

∆F

(
Vi, C(t)

j

)2
(3.7)

∆R

(
Vi, C(t)

j

)2
, j = 1, · · · , k (3.8)

• Construct k clusters C(t)
j whose centers are given by C(t)

j , j =

1, · · · , k.
• Update cluster centers by geometric means

C(t+1)
j = exp

∑Vi∈C
(t)
j

log(Vi)

∑Vi∈C
(t)
j

1

 , j = 1, · · · , k (3.9)

• Set t = t + 1.

Repeat tth steps until convergence. We apply the Frobenius norm and Rie-
mannian metric to squared distance, respectively. Figure 3.1 (a) is result
of clustering with three classes by K-means method and distance of Frobe-
nius norm. Figure 3.1 (b) is also result of clustering with three classes by
K-means method and distance of Riemannian metric.

Figure 3.2 (a) is result of clustering with four classes by K-means method
and distance of Frobenius norm. Figure 3.2 (b) is result of clustering with
four classes by K-means method and distance of Riemannian metric.

Figure 3.3 (a) is result of clustering with five classes by K-means method
and distance of Frobenius norm. Figure 3.3 (b) is result of clustering with
five classes by K-means method and distance of Riemannian metric.
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(a) Frobenius norm

(b) Riemannian metric

Figure 3.1: Comparison of K - means results in the case of three classes
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(a) Frobenius norm

(b) Riemannian metric

Figure 3.2: Comparison of K - means results in the case of four classes
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(a) Frobenius norm

(b) Riemannian metric

Figure 3.3: Comparison of K - means results in the case of five classes
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Therefore, classification results using only positive definite matrices
could not find the relationship between positive definite matrices and color
centers.

3.3 Ward’s method for positive definite matrices

In addition, we will try to apply the hierarchical clustering to positive def-
inite matrices in order to grasp the trend of them with ellipsoidal shape
represented in Figure 1.2 and Table 2.1. For details, we will use the link-
age clustering with the Ward’s method[17]. In this method, the distance
d(Cp, Cq) between class Cp and class Cq, p, q = 1, · · · , n is defined as
follows,

d(Cp, Cq) = E(Cp ∪ Cq)− E(Cp)− E(Cq) (3.10)

where E(Cp), p = 1, · · · , n is the squared sum of distance from

E(Cp) = ∑
V∈Cp

(
d(V , Cp)

)
(3.11)

We apply the KL divergence for the distance d(V , Cp), p = 1, · · · , n as
follow.

KL divergence

∆KL
(
V , Cp

)2
= log

∣∣Cp
∣∣

|V | + tr
(

V−1Cp

)
+ ∆uTCp∆u − p (3.12)

∆u =
(
u − up

)T

where u ∈ R3×1 is input vector corresponding to V , and up ∈ R3×1 is one
doing to Cp.

The hierarchical clustering results by the single method for the KL di-
vergence with the simple , the logarithm, and the squared are shown in
Figure 3.4 to 3.6, respectively.

The hierarchical clustering results by the complete method for the KL
divergence with the simple , the logarithm, and the squared are shown in
Figure 3.7 to 3.9, respectively.

The hierarchical clustering results by the complete method for the KL
divergence with the simple , the logarithm, and the squared are shown in
Figure 3.10 to 3.12, respectively.
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Figure 3.4: Dendrogram for the result of hierarchal clustering using the
single method with distance of the KL divergence

Figure 3.5: Dendrogram for result of hierarchal clustering using the single
method with distance of the logarithm KL divergence

28



Figure 3.6: Dendrogram for result of hierarchal clustering using the single
method with distance of the squared KL divergence

Figure 3.7: Dendrogram for the result of hierarchal clustering using the
complete method with distance of the KL divergence
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Figure 3.8: Dendrogram for result of hierarchal clustering using the com-
plete method with distance of the logarithm KL divergence

Figure 3.9: Dendrogram for result of hierarchal clustering using the com-
plete method with distance of the squared KL divergence
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Figure 3.10: Dendrogram for the result of hierarchal clustering using the
Ward method with distance of the KL divergence

Figure 3.11: Dendrogram for result of hierarchal clustering using the Ward
method with distance of the logarithm KL divergence
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Figure 3.12: Dendrogram for result of hierarchal clustering using the Ward
method with distance of the squared KL divergence

On the whole, it’s seen that the hierarchical classification with the com-
bination of three types of dendrogram calculation and the translation of
KL divergence are well work based on the pattern of color centers.

Therefore, it’s seem that color centers and positive definite matrices
have the strong relationship.
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Chapter 4

Regression analysis of positive
definite matrix with log-normal
distribution

In this chapter, we construct a regression model between the positive
definite matrices and color centers [21]. Recall that {(ui, Vi) ∈ R3 ×V | i =
1, . . . , n} is the DuPont dataset with a set of positive definite matrices V . In
general, V ∈ V has the following decomposition based on an orthogonal
matrix Q as follows.

V = QDQT (4.1)

D =

λ1 0
λ2

0 λ3

 , λi > 0. (4.2)

Then, we define a logarithm of V by

log V = Q

log λ1 0
log λ2

0 log λ3

 QT. (4.3)

Now, we use the log normal regression model[22] described by:

log Vi := M0 + ai M1 + bi M2 + Li M3 + Ei, i = 1, 2, . . . , n (4.4)

where Mj (j = 0, 1, 2, 3) are unknown symmetric matrices of order 3 and
n = 19. They are regression coefficient matrices for explanatory variables
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1, ai, bi and Li. We assume that error matrices Ei (i = 1, 2, ..., n) are dis-
tributed independently.

Let H̃ = (H1, . . . , Hn)T : 3n× 3 with Hi = log Vi, and M̃ = (M0, . . . , M3)
T :

12 × 3. The design matrix X is set as follows.

X =


1 a1 b1 L1
1 a2 b2 L2
...

...
...

...
1 an bn Ln

 : n × 4. (4.5)

Then, the log normal regression model (4.4) is rewritten as

Hi = M0 + ai M1 + bi M2 + Li M3 + Ei (4.6)

for i = 1, 2, . . . , n. Thus we have the following simultaneous equation:

H̃ ≡


H1
H2
...

Hn

 =


I, a1I, b1I, L1I
I, a2I, b2I, L2I
...

...
...

...
I, an I, bn I, Ln I




M0
M1
M2
M3

+


E1
E2
...

En

 (4.7)

= X̃ M̃ + Ẽ. (4.8)

The regression coefficient matrix M̃ is estimated by the least square method
by minimizing the following error function.

trace(STS) = trace
(

M̃TX̃TX̃ M̃
)
− 2trace

(
M̃TX̃T H̃

)
(4.9)

+ trace
(

H̃T H̃
)

where

S = H̃ − X̃ M̃ (4.10)

The derivative of the error function is defined as follow.

∂ trace(STS)
∂M̃

= 2X̃TX̃ M̃ − 2X̃T H̃ = O. (4.11)
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Then, the regression coefficient matrix is estimated as

̂̃M =

{(
XTX

)−1
⊗ I

}
X̃T H̃ (4.12)

=
(

XTX
)−1 n

∑
i=1


Hi

aiHi
biHi
LiHi

 . (4.13)

Thus, log V at a color point (a, b, L)T is estimated by

log V̂ = M̂0 + aM̂1 + bM̂2 + LM̂3. (4.14)

Then, the positive definiteness of V̂ ≡ exp
(

log V̂
)

is obviously satisfied
because eigenvalues of V̂ are positive.

4.1 Numerical experiments though DuPont dataset

Here, the result of the numerical experiment as prediction of ellipsoids
by the log-normal regression model though DuPont dataset is shown in
Figure 4.1 compared with true case in Figure 4.2.

Figure 4.1: Matrix log normal estimation
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Figure 4.2: True ellipsoids of 19 colors

4.2 Evaluation of prediction methods for posi-
tive definite matrix

Table 4.1 compares four optimized models by the DuPont dataset. The
second row shows the sum of Frobenius norms between 19 true and esti-
mated matrices by each proposed method. The third and fourth rows are
similarly derived by Rimannian and KL metrics. We use the three optimal
kernel methods with three bandwidths found in Table 2.3.

Of course, kernel methods based on Frobenius norm gives the mini-
mum Frobenius norm, and so on. The accuracy of log normal regression,
however, is poor to kernel methods.
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Table 4.1: Evaluation of the estimated results by the three metrics
Estimation methods

Evaluation metrics Non-parametric Parametric
Frobenius Riemannian Kullback-Leibler Log normal

Frobenius 586.78 641.95 638.65 845.95
Riemannian 21.50 19.54 19.60 36.97

Kullback-Leibler 6.40 6.31 6.29 16.29

With Figure 2.1 to 2.3 It is seen that all the models failed to estimate the
flat-shaped ellipsoid of ”Dark bluish green”. This may come from the fact
that this color is located in the edge of 19 training colors. It is also seen that
estimated ellipsoids in (e) by log normal regression are smaller than those
by kernel methods in (b)-(d). The log normal regression, however, has
an advantage that the linear estimation has a closed form of the solution.
Also, the model is easily to implement new explanatory variables such as
second-order models.
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Chapter 5

Prediction and evaluation of the
positive definite matrix for new
colors

In this chapter, I will try to apply some prediction methods of positive
definite matrices described until previous chapters to the color matching
in the automotive appearance design , which are the Kernel estimation
methods with combination of three normalizations and three bandwidth
tuning parameters, and the regression model having the log-normal dis-
tribution of positive definite matrix.

5.1 Color matching in the automotive appearance
design

Figure 5.1 depicts illustrations of the color matching target examples in
automotive appearance. The color matching targets in this illustrations
are combination of parts as following well known.

(a) Bonnet and front bumper.

(b) Bumper and side panel.

(c) Bonnet and fender.

(d) Side panel and front door.
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(e) Front and rear door.

(f) Rear door and Rear bumper.

Figure 5.1: Illustrations of the color matching target examples in automo-
tive appearance design

Several pieces is coated on another material, for example the bonnet and
side panel are made by steel plate, and the bumper is made by plastic. For
that reason, the coating method, pigment quality, and so on are different
from each part. However combinations of these pieces must be recognized
as same color by user.

It’s known that there is measuring equipment of color values u =
(a, b, L)T for appearance evaluation shown in Figure 5.2 , which is con-
structed by a closed box with a stable light source and multi angle receipt.
For example of a equipment’s spec as well known, the input angle θ of
light source is 45 (deg) with fixed and the receipt angle ϕ has the case of
which 45 (deg) called as the mirror reflection, 90 (deg) as the vividness,
and 155 (deg) as the shaded area.

As general color matching, u of the referenced master sample is mea-
sured by this equipment and putted as color center value uc = (ac, bc, Lc)T.
After that, the u of another parts is measured. Finally, the balances of coat-
ing materials, the condition of painting robot, and so on are reconfigured
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so that u − uc = 0. The conventional color matching procedure is to apply
these steps above described to all area of vehicle.

Figure 5.2: Measuring system of color values given as u = (a, b, L)T in
automotive appearance design

It’s known that the traditional color matching procedure spends a lot of
time in automotive maker, because many parameters resetting of coating
materials, painting robot, and so on is mainly realized at painting plant,
and some body panels is produced by another plant or implementor. Fur-
thermore, the conventional color matching procedure so that u − uc = 0
make realizing more difficult to achieve, because the latest color trend in
the automotive is compatible the vividness and the shading.

Then, I considered that the threshold for judgement of same or not
color between parts may be effective based on the human’s visual feature.

5.2 Predicted ellipsoids by the proposed meth-
ods

Here, I try to predict the positive definite matrix for an actual color in
order to show the effectiveness some proposed approaches in previous
chapters. Target color centers uc = (ac, bc, Lc)T is displayed in Table 5.1
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corresponding to three receipt angles ϕ = 60, 90, and 155 (deg). This
target color is red with very vivid and a dark shadow because color center
values at the receipt angle ϕ = 60 (deg) are large and them at ϕ = 90 and
155 (deg) are very small.

Table 5.1: Dataset of a actual color values

ϕ(deg.) ac bc Lc

60 84.54 78.17 42.29
90 25.42 10.20 5.31

155 19.30 5.82 3.75

I predict ellipsoids of color centers corresponding to three receipt an-
gles shown in Table 5.1 by following four methods.

(i) Prediction of positive definite matrices by applying three bandwidth
tuning parameters γF = 200.1, δF = 1.25, and ηF = 1.813 shown in
Table 2.3 with combination of the Frobenius norm and normalization
method 2 , and color center values shown in Table 5.1 , to (2.26),
(2.27), and (2.28).

(ii) Prediction of positive definite matrices by applying three bandwidth
tuning parameters γR = 36.78, δR = 15.81, and ηR = 17.13 shown in
Table 2.3 with combination of the Riemannian metric and normaliza-
tion method 3 , and color center values shown in Table 5.1 , to (2.26),
(2.27), and (2.28).

(iii) Prediction of positive definite matrices by applying three bandwidth
tuning parameters γKL = 44.59, δKL = 18.50, and ηKL = 21.00 shown
in Table 2.3 with combination of the KL divergence and normaliza-
tion method 2 , and color center values shown in Table 5.1 , to (2.26),
(2.27), and (2.28).

(iv) Prediction by the regression model of positive definite matrix with
log-normal distribution by estimating regression coefficient matrices
with all 19 colors data of the DuPont dataset.
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Figure 5.3: Predicted ellipsoids by method (i)

Figure 5.4: Predicted ellipsoids by method (ii)
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Figure 5.5: Predicted ellipsoids by method (iii)

Figure 5.6: Predicted ellipsoids by method (iv)

The ellipsoid at receipt angle 60 (deg) predicted by method (i) has long
shape for direction of a in Figure 5.3 because the γF = 200.1 displayed at
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8th row and 9th column in Table 2.3 is largest of all γF, which is the band-
width tuning parameter corresponding to v11 of positive definite matrix
(2.2).

On the other hand, ellipsoids predicted by method (ii) and (iii) seem to
be similar for all receipt angles because three tuning parameters are near
shown in Figure 5.4 and 5.5.

Ellipsoids predicted by method (iv) have different shape from previous
three methods (Figure 5.6), finally.

5.3 Evaluation of predicted ellipsoids

I will compare to the measured data in Figure 5.7 to 5.10 in order to confirm
the effectiveness of each predicted ellipsoids. Measured data was judged
as accept by color matching evaluators , and each point had different coat-
ing conditions and was measured by equipment in Figure 5.2.

Figure 5.7: Predicted ellipsoids by method (i) and measured data.

44



Figure 5.8: Predicted ellipsoids by method (ii) and measured data.

Figure 5.9: Predicted ellipsoids by method (iii) and measured data.
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Figure 5.10: Predicted ellipsoids by method (iv) and measured data.

It’s seen that measured data trends toward a certain direction at the
receipt angles 60 and 90 (deg), especially. In the case of receipt angle 60
(deg), ellipsoid predicted by method (iv) is like to be more fit in measured
data than other methods. In the case of receipt angle 90 and 155 (deg),
ellipsoids predicted by method (ii) and (iii) are like to be more fit in mea-
sured data than other methods.

As a result, I consider to have to separate the use of methods , for ex-
ample , the log - normal regression model in area with large color center
values and the Gaussian kernel estimation with small color center values.
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Chapter 6

Conclusion

It is known that each color has an ellipsoid region whose points are vi-
sually recognized as the same color. Now, the DuPont dataset provides
pairs of colors and ellipsoids in CIE-Lab system. Of course, the shape of
ellipsoid is determined by a positive definite matrix. Therefore, we have
proposed the estimation methods of ellipsoids with a new color center in
Lab system.

Firstly, we consider Gaussian kernel estimation of positive definite ma-
trices with three bandwidths at most and three types of normalization
methods of explanatory variables. The third as well as second normal-
ization methods work well for estimation. The bandwidths were tuned
by minimizing the three metrics Frobenius, Riemmanian, and KL. Three
metrics show similar performance for estimation. It is noted that this
weighted-sum approach has a theoretical justification based on KL diver-
gence.

Secondly, we used the matrix-valued log normal regression. This ap-
proach has the closed solution for regression coefficient matrices, and gives
an ellipsoid of a new color easily. Unfortunately, this shows a poor perfor-
mance with respect to kernel estimation. This may be improved by using
additional explanatory variables derived by color features.

The paint shop of the automotive manufacturer needs more than one
month to adjust the painting condition for synthesis of the same color.
On the other hand, the color matching admitting tolerant ellipsoid would
be easily tuned within one week because the painting condition of robot
painters can be configured applying tolerance ellipsoids. This would make
possible to mass-produce new colors with stable quality at factories around
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the world.
Furthermore, if the human color sensitivity can be modeled, synthesis

of new colors would be developed by simulation. We plan to establish a
fundamental technology enabling the efficient management of attractive
new colors by developing more accurate prediction algorithms based on
mathematical approaches. For example, on support vector regression and
other approximation techniques as well as on a database of colors and
ellipsoids.
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Appendix A

Calcuration results of three types
of metric

A.1 Frobenius norm results for three types of band-
width tuning parameter and normalizarion
method

Figure A.1: Frobenius norm result at a single bandwidth tuning parameter
with the first normalizarion method.
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Figure A.2: Frobenius norm result at a single bandwidth tuning parameter
with the second normalizarion method.

Figure A.3: Frobenius norm result at a single bandwidth tuning parameter
with the third normalizarion method.
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Figure A.4: Frobenius norm result at double bandwidth tuning parame-
ters with the first normalizarion method.

Figure A.5: Frobenius norm result at double bandwidth tuning parame-
ters with the second normalizarion method.
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Figure A.6: Frobenius norm result at double bandwidth tuning parame-
ters with the third normalizarion method.

Figure A.7: Frobenius norm result at triple bandwidth tuning parameters
with the first normalizarion method.
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Figure A.8: Frobenius norm result at triple bandwidth tuning parameters
with the second normalizarion method.

Figure A.9: Frobenius norm result at triple bandwidth tuning parameters
with the third normalizarion method.
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A.2 Riemannian metric results for three types of
bandwidth tuning parameter and normalizar-
ion method

Figure A.10: Riemannian metric result at a single bandwidth tuning pa-
rameter with the first normalizarion method.
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Figure A.11: Riemannian metric result at a single bandwidth tuning pa-
rameter with the second normalizarion method.

Figure A.12: Riemannian metric result at a single bandwidth tuning pa-
rameter with the third normalizarion method.
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Figure A.13: Riemannian metric result at double bandwidth tuning pa-
rameters with the first normalizarion method.

Figure A.14: Riemannian metric result at double bandwidth tuning pa-
rameters with the second normalizarion method.
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Figure A.15: Riemannian metric result at double bandwidth tuning pa-
rameters with the third normalizarion method.

Figure A.16: Riemannian metric result at triple bandwidth tuning param-
eters with the first normalizarion method.
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Figure A.17: Riemannian metric result at triple bandwidth tuning param-
eters with the second normalizarion method.

Figure A.18: Riemannian metric result at triple bandwidth tuning param-
eters with the third normalizarion method.
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A.3 KL divergence results for three types of band-
width tuning parameter and normalizarion
method

Figure A.19: KL divergence result at a single bandwidth tuning parameter
with the first normalizarion method.
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Figure A.20: KL divergence result at a single bandwidth tuning parameter
with the second normalizarion method.

Figure A.21: KL divergence result at a single bandwidth tuning parameter
with the third normalizarion method.
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Figure A.22: KL divergence result at double bandwidth tuning parame-
ters with the first normalizarion method.

Figure A.23: KL divergence result at double bandwidth tuning parame-
ters with the second normalizarion method.

65



Figure A.24: KL divergence result at double bandwidth tuning parame-
ters with the third normalizarion method.

Figure A.25: KL divergence result at triple bandwidth tuning parameters
with the first normalizarion method.
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Figure A.26: KL divergence result at triple bandwidth tuning parameters
with the second normalizarion method.

Figure A.27: KL divergence result at triple bandwidth tuning parameters
with the third normalizarion method.
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Appendix B

Estimated ellipsoids by three
types of metric

B.1 Estimation results of ellipsoids with combi-
nation of the single bandwidth tuning pa-
rameter minimized by the Frobenius norm
and three normalization methods

Figure B.1: Estimation of ellipsoids for single bandwidth tuning parame-
ter with the first normalizarion method.69



Figure B.2: Estimation of ellipsoids for single bandwidth tuning parame-
ter with the second normalizarion method.

Figure B.3: Estimation of ellipsoids for single bandwidth tuning parame-
ter with the third normalizarion method.
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B.2 Estimation results of ellipsoids with combi-
nation of the double bandwidth tuning pa-
rameters minimized by the Frobenius norm
and three normalization methods

Figure B.4: Estimation of ellipsoids for double bandwidth tuning param-
eters with the first normalizarion method.
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Figure B.5: Estimation of ellipsoids for double bandwidth tuning param-
eters with the second normalizarion method.

Figure B.6: Estimation of ellipsoids for double bandwidth tuning param-
eters with the third normalizarion method.
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B.3 Estimation results of ellipsoids with combi-
nation of the triple bandwidth tuning param-
eters minimized by the Frobenius norm and
three normalization methods

Figure B.7: Estimation of ellipsoids for triple bandwidth tuning parame-
ters with the first normalizarion method.
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Figure B.8: Estimation of ellipsoids for triple bandwidth tuning parame-
ters with the second normalizarion method.

Figure B.9: Estimation of ellipsoids for triple bandwidth tuning parame-
ters with the third normalizarion method.
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B.4 Estimation results of ellipsoids with combi-
nation of the single bandwidth tuning pa-
rameter minimized by the Riemannian met-
ric and three normalization methods

Figure B.10: Estimation of ellipsoids for single bandwidth tuning param-
eter with the first normalizarion method.

75



Figure B.11: Estimation of ellipsoids for single bandwidth tuning param-
eter with the second normalizarion method.

Figure B.12: Estimation of ellipsoids for single bandwidth tuning param-
eter with the third normalizarion method.
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B.5 Estimation results of ellipsoids with combi-
nation of the double bandwidth tuning pa-
rameters minimized by the Riemannian met-
ric and three normalization methods

Figure B.13: Estimation of ellipsoids for double bandwidth tuning param-
eters with the first normalizarion method.
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Figure B.14: Estimation of ellipsoids for double bandwidth tuning param-
eters with the second normalizarion method.

Figure B.15: Estimation of ellipsoids for double bandwidth tuning param-
eters with the third normalizarion method.
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B.6 Estimation results of ellipsoids with combi-
nation of the triple bandwidth tuning param-
eters minimized by the Riemannian metric
and three normalization methods

Figure B.16: Estimation of ellipsoids for triple bandwidth tuning parame-
ters with the first normalizarion method.
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Figure B.17: Estimation of ellipsoids for triple bandwidth tuning parame-
ters with the second normalizarion method.

Figure B.18: Estimation of ellipsoids for triple bandwidth tuning parame-
ters with the third normalizarion method.
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B.7 Estimation results of ellipsoids with combi-
nation of the single bandwidth tuning pa-
rameter minimized by the KL divergence and
three normalization methods

Figure B.19: Estimation of ellipsoids for single bandwidth tuning param-
eter with the first normalizarion method.
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Figure B.20: Estimation of ellipsoids for single bandwidth tuning param-
eter with the second normalizarion method.

Figure B.21: Estimation of ellipsoids for single bandwidth tuning param-
eter with the third normalizarion method.

82



B.8 Estimation results of ellipsoids with combi-
nation of the double bandwidth tuning pa-
rameters minimized by the KL divergence and
three normalization methods

Figure B.22: Estimation of ellipsoids for double bandwidth tuning param-
eters with the first normalizarion method.
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Figure B.23: Estimation of ellipsoids for double bandwidth tuning param-
eters with the second normalizarion method.

Figure B.24: Estimation of ellipsoids for double bandwidth tuning param-
eters with the third normalizarion method.
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B.9 Estimation results of ellipsoids with combi-
nation of the triple bandwidth tuning param-
eters minimized by the KL divergence and
three normalization methods

Figure B.25: Estimation of ellipsoids for triple bandwidth tuning parame-
ters with the first normalizarion method.
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Figure B.26: Estimation of ellipsoids for triple bandwidth tuning parame-
ters with the second normalizarion method.

Figure B.27: Estimation of ellipsoids for triple bandwidth tuning parame-
ters with the third normalizarion method.
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