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Abstract

The large time behavior of solutions to the compressible Navier-Stokes equations is con-
sidered under the slip boundary condition in an infinite cylinder of R*, n = 2,3. In the
case of n = 2, it is shown that if the initial data is sufficiently small, then the global
solution uniquely exists and the large time behavior of the solution is described by a su-
perposition of one-dimensional nonlinear diffusion waves. In the case of n = 3, it is shown
that if the initial data is smooth and sufficiently close to the motionless state, then the
global solution uniquely exists and the large time behavior of the solution is described by
a superposition of one-dimensional nonlinear diffusion waves and a diffusive rigid rotation.
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Introduction

This thesis studies the large time behavior of solutions to the compressible Navier-Stokes
equations:

Op + div(pv) = 0, (0.0.1)
p(Ow + v - Vo) — pdivD(v) — ¢/ Vdive + Vp(p) = 0 (0.0.2)

in an infinite cylinder 2, = R x D, of R", n = 2,3, where

D, — {22;0 < 2y < 0} (n=2)
‘ {2/ = (29, 23); /23 + 23 < {} (n=23).
Here p = p(z,t) and v = " (v!(z,t), -+ ,v"(x,t)) denote the unknown density and the

unknown velocity field, respectively, at time ¢ > 0 and position x € Qy; p = p(p) is the
pressure that is assumed to be a smooth function of p and satisfies

p'(ps) >0
for a given constant p, > 0; p and u' are viscosity coefficients that are assumed to be
constants and satisfy
2
>0, —p+p >0
n

div and V denote the usual divergence and gradient with respect to z; D(-) denotes the
deformation tensor whose (j, k)-components (7, k = 1,--- ,n) are given by

D(v), = &gjvk + Oy 0.

Here and in what follows - stands for the transposition.
We consider (0.0.1)-(0.0.2) under the slip boundary condition

1 2 :
aa:zv |x2:0,€ - 07 v |CIZ2:0,Z - O lf n = 27

v-nlsg, =0, D) -n— (D(v)n n) =0 if n=3.

"‘am

Here n is the unit outward normal vector to 9, which is given by n = T(0,n’) with
n = %x’ = %T(.Tz, x3) being the unit outward normal vector to dD,.

We impose the initial condition
p’tzo = pPo, ’U‘t:O = 7g. (005)
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Here py = po(z) and vy = vo(z) satisfy po(z) — p« and vo(x) — 0 as |z| — oo.

In this thesis we will consider the stability of the motionless state u, = ' (p,, 0) and will
investigate the large time behavior of solutions around wus. We thus rewrite (0.0.1)-(0.0.2)
into the following equations for the perturbation:

01 + ydivw = f2(¢, w), (0.0.6)
dyw — vdivD(w) — V'Vdivw + V¢ = f(o, w). (0.0.7)
Here u = (¢, w) with ¢ = pi*(p — ps) and w = %’U denotes the perturbation of u, =
T(p«,0); v,V and v are parameters given by
/
v="L0 =B = k)

o
and f(¢,w) = "(f°(¢,w), f(¢, w)) denotes the nonlinear terms:

f(d.w) = —rdiv(¢w),

F(¢,w) = —yw-Vw — = ¢{1/divD(’w) + V'Vdivw} + %V(ﬁ
B M 2 — P—z (3) 3
27(1+¢)v<¢ ) 27(1_|_¢)V(p (¢)9°),

where

PP (¢) = /0 (1 0)*p" (pu(1+ 09))do.

The boundary conditions (0.0.3)-(0.0.4) and initial condition (0.0.5) are transformed
into

Oy py00 = 0, W?|pymor =0 if n =2, (0.0.8)
w-nlpg, =0, D(w) -n— (D(w)n- n)n\am =0 if n=3,
and
uli=o = uo = " (o, W) (0.0.10)

Here ug satisfies ug(z) — 0 as || — oo.

In this thesis we will show that solutions under the slip boundary condition exhibit
the large time behavior completely different from the ones under the non-slip/ Navier-slip
boundary conditions.

Large time behavior of solutions of the compressible Navier-Stokes equations in un-
bounded domains have been studied in detail in various contexts; see, e.g., [5, 6, 7, 10,
13, 15, 18, 20, 21, 25, 26, 27, 30, 33] for the cases of the multi-dimensional whole space,
half space and exterior domains. In addition to these domains, problems in infinite layers
and cylindrical domains have been also studied, e.g., in [2, 3, 4, 8, 9, 11, 12, 16] under
the non-slip boundary condition v|;,—o1 = 0. It was shown in [11, 16] that the large
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time behavior of perturbations of the motionless state is described by a one-dimensional
linear heat equation. This kind of purely diffusive behaviors has been also observed when
background flows such as stationary/time-periodic parallel flows and spatially periodic
patterns appear, although in these cases the mass of perturbations not only decays dif-
fusively but also is transported by the background flows; see [2, 3, 4, 8, 9, 12]. We also
mention the work [23] by H.-L. Li and X. Zhang, where the problem under the Navier-slip
boundary condition was considered and an interesting observation on the effect of the slip
at the boundary was also made.

In the first part of this thesis, we consider the two-dimensional problem under the
slip boundary condition. We will prove that the solution of (0.0.1)-(0.0.2) under the slip
boundary condition (0.0.3) with (0.0.5) behaves like a superposition of one-dimensional
diffusion waves as t — oo as in the case of one-dimensional compressible Navier-Stokes
equation, see [19] and [29]. More precisely, consider the problem (0.0.6)-(0.0.10) for w.
We prove that, under appropriate conditions for ug, the solution u(t) satisfies

E
2

195(u = x+as = x-a-)(B)l 2@y < CAL+ 1) 7273, k=01, (0.0.11)
where ax = "(1,£1,0) and x4 = x+(71,t) are the diffusion waves given by
X+(x1,t) = 2z (x1 £ 7L, 1). (0.0.12)
Here zy = zy(x1,t) are the self-similar solutions of the viscous Burgers equations

v+
2

Ozt — D2 24 F Oy (21) =0 (0.0.13)

satisfying

/Rzi(xl,t)darl = %/Qe(qbo(a:) + (1 + ¢o(x))wg(x))dx (0.0.14)

for some constant ¢ € R. In contrast to the case of the non-slip boundary condition,
we see that a hyperbolic aspect of (0.0.1)-(0.0.2), i.e., a wave propagation phenomenon,
appears in the asymptotic leading part of the solution under the slip boundary condition.

We briefly explain an outline of the proof of the result (0.0.11). To prove (0.0.11),
we first establish the decay estimates for u(t). We decompose the solution of (0.0.6)-
(0.0.10) into its low and high frequency parts. The spectrum of the low-frequency part
of the linearized semigroup is different from the one in the case of the non-slip bound-
ary condition; it is the same as that in the case of the one-dimensional compressible
Navier-Stokes equation. Therefore, the low-frequency part decays like one-dimensional
heat kernel, namely, k-th order derivative decays in the order O(t’i’g) in the L? norm.
For the high-frequency part (remainder part), we apply the Matsumura-Nishida energy
method (see [27]) to see that the high-frequency part decays in the order O(t’%) in the
H? norm. Based on the spectral properties of the low-frequency part of the linearized
semigroup and the decay estimate for the high-frequency part, we deduce the asymptotic
behavior (0.0.11) by applying the argument of [19].
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In the second part of this thesis, we consider the three-dimensional problem under
the slip boundary condition. We will show that the solution w(t) of (0.0.6)-(0.0.7) under
the slip boundary condition (0.0.9) with (0.0.10) behaves like a superposition of one-
dimensional nonlinear diffusion waves and a diffusive rigid rotation as t — oo. More
precisely, we prove that, under appropriate conditions for ug, the solution u(t) satisfies

108 (1 — kpay — koa- — Fugyg) (8) || 2oy < C(1+1)7272, k=0,1, (0.0.15)
where ay = 17(1,41,0,0) and k3 = k4 (21,¢) are the nonlinear diffusion waves given by
Re(x1,t) = Zi(xq £ 1, 1). (0.0.16)

Here Z. = Z.(x1,t) are the self-similar solutions of the Burgers equations

v+

07y — 5 2 Zy F 0, (Z3) =0 (0.0.17)
satisfying
1
/Zi(xl,t)dxl = 5/ (do(z) £ (1 + do(z))wy(z))da (0.0.18)
R Q
for some constant ¢ € R; and
T 1 /2 ¢
arig = (O, arig), arig = 6_2 ; (O, —ZL‘g,ZEQ), (0019)
x2

Krig(T1,1) = w07rig(47ﬂ/t)_%6_47”1i (0.0.20)

with Wo,rig = er wo - arigdx.

We note that, in addition to the wave propagation part k a, +r_a_, the diffusive rigid
motion part kig@sig also appears in the asymptotic leading part of the solution in the case
of the three-dimensional problem. We also note that the diffusive rigid motion part igarig
gives the incompressible part of the asymptotic leading part of u since div(kyig@uig) = 0.

It should be remarked that the global existence with exponential decay estimate was
shown by Shibata and Murata [32] for the problem on a bounded domain under the
slip boundary condition (1.1.9), provided that initial data are sufficiently small, and, in
addition, orthogonal to rigid motions when the domain is rotationally symmetric. The
method in [32] was mainly based on the maximal regularity approach. We also mention
the work [22] by Kobayashi and Zajaczkowski, where the global existence on a bounded
domain was proved based on the energy method.

We briefly explain a sketch of the proof of the result (0.0.15). As in the case of
n = 2, we first establish the decay estimates for the solution wu(t) of (0.0.6)-(0.0.10). We
decompose u(t) into its low and high frequency parts. As for the low frequency part, we
investigate the spectrum of the low-frequency part of the linearized semigroup and show
that the leading part is decomposed into the linear diffusion waves part and the diffusive
rigid motion part. As a result, the low frequency part decays like a one-dimensional heat
kernel, namely, k-th order derivative decays in the order O(t’ifg) in the L? norm. To
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establish suitable decay estimates for the nonlinear problem, we introduce the momentum
formulation for the low frequency part, which makes the equations a conservation form.
This enables us to deal with a slowly decaying part caused by the interaction between the
diffusion waves and the diffusive rigid motion. For the high frequency part, we apply the
Matsumura-Nishida energy method ([27]) and show that the high frequency part decays in
the order O(t_%) in the H? norm. To this end, a Korn type inequality plays an important
role. Combining the estimates for the low and high frequency parts, we establish the decay
estimate of u(t) in H? norm. Based on the spectral properties of the low frequency part
of the linearized semigroup and the decay estimate for u(t), we deduce the asymptotic
behavior (0.0.11) by applying the argument of Kawashima [19].

We finally mention one of motivations of this work. For simplicity we consider the
case n = 2. The large time behavior of solutions of (0.0.1)-(0.0.2) under the slip boundary
condition (0.0.3) would be expected to approximate the behavior of solutions of (0.0.1)-
(0.0.2) in a thin fluid layer under the Navier boundary condition. Let us consider (0.0.1)-
(0.0.2) in the layer Q, = {z = (z1,72) € R*; 11 € R,0 < x5 < £} with 0 < £ < 1 under
the boundary condition

(1105, ' N + kvY) | gm0 = 0, 02|sy=0r = 0, (0.0.21)

where k£ > 0 is the friction constant and N represents the direction of the outward normal
to the boundary 0, and hence, N|,,—¢ = —1 and N|,,—, = 1. We introduce the non-
dimensional variables z, t, p, 0, p defined by

r =7, t:Tg: p=psp, v=V0, p:p*VQﬁ

with T = 2£ and V = % It follows that p and v are governed by the equations
o

0ip + diV;z-(ﬁ'ﬁ) =0, (0.0.22)
s . O [ L
p(O;0 + 0 - Vi0) — A0 — Vidivzo + Vzp(p) = 0. (0.0.23)
1

The domain €, is transformed into €2 and the boundary condition (0.0.21) becomes

ke
<852171N + —171)

=0, 7
i

T2=0,1

= 0. (0.0.24)

Fo=0,1

Letting ¢ — 0 we obtain (0.0.1)-(0.0.2) with x and u + g’ replaced by 1 and %“/,

respectively, and the slip boundary condition (0.0.3). Since p(z,t) = p.p(%, p’%) and

v(z,t) = L50(7, pi%), we find that the behavior of solutions of (0.0.1)-(0.0.2) in €, under
the Navier boundary condition (0.0.21) is expected to be approximated by the large time
behavior of solutions of (0.0.1)-(0.0.2) in © under the slip boundary condition (0.0.3)
when 0 < ¢ < 1.

This thesis is organized as follows. In Chapter 1, in the case of n = 2, we show that if
the initial data is sufficiently small, then the global solution uniquely exists and the large
time behavior of the solution is described by a superposition of one-dimensional nonlinear

diffusion waves.
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In Chapter 2, in the case of n = 3, we show that if the initial data is smooth and
sufficiently close to the motionless state, then the global solution uniquely exists and the
large time behavior of the solution is described by a superposition of one-dimensional
nonlinear diffusion waves and a diffusive rigid rotation.

In each section, notation is introduced which is used throughout the chapter and the
main results are stated. Continuously, the proofs of the main results are given respectively.
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Chapter 1

Large time behavior of solutions to
the compressible Navier-Stokes
equations in an infinite layer under
slip boundary condition

1.1 Formulation of the problem

This chapter studies large time behavior of solutions of the compressible Navier-Stokes
equations

Op + div(pv) = 0, (1.1.1)
p(Ow + v - V) — uAv — (p+ p')Vdive + VP(p) =0 (1.1.2)

in an infinite layer Q of R%:
Q={z=(r1,72) €ER? 7, €ER,0 < x5 < (}
under the slip boundary condition
Oy 0 zg—00 = 0, v*|pp—04 = 0. (1.1.3)

Here p = p(z,t) > 0 and v = " (v'(z,t),v*(z,t)) denote the unknown density and velocity,
respectively, at time ¢ > 0 and position x € Q; P = P(p) is the pressure that is assumed
to be a smooth function of p satisfying

P'(p.) >0

for a given constant p, > 0; u and y' are viscosity coefficients that are assumed to be
constants and satisfy
>0, p+p >0

div, V and A denote the usual divergence, gradient and Laplacian with respect to x. Here
and in what follows "- means the transposition.
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We impose the initial condition

Pli=o = po, V|i=o = vo. (1.1.4)

Here pg = po(z) and vy = vo(x) satisfy po(z) — p. and vo(z) — 0 as |z| — oo.

The aim of this chapter is to investigate the large time behavior of solutions to (1.1.1)-
(1.1.4) around the motionless state p = p., v = 0. We rewrite (1.1.1)-(1.1.2) into the
following equations for the perturbation

01 + ydivw = f°(¢, w), (1.1.5)
dyw — vAw — vVdivw + Vo = f(¢,w). (1.1.6)
Here v = T(¢,w) with ¢ = pi*(p — ps) and w = %Yv denotes the perturbation from

Us = T(p*, 0); v, 7 and ~ are parameters given by

T T =
V=—, V= y V= P/<10*)7

/)* p*

and f(¢,w) = T(f°(¢,w), f(¢,w)) denote the nonlinear terms:

f0(¢7 w) = —7diV<¢w),

f(éw) = —yw- Vw— 1 f ¢{qu + 7Vdivw} + —17+¢¢V¢
— P (2) 2

where
P (p) = /0 (1= 0)P"(p(1+ 09))do.

The boundary condition (1.1.3) and initial condition (1.1.4) are transformed into
a702w1|302=0,€ = 07 w2‘x2:0,£ =0 (117)

and
uli—o = uo = " (¢, w). (1.1.8)

Here ug satisfies ug(z) — 0 as |z| — oo.

In this chapter we show that the solution of (1.1.1)-(1.1.2) under the slip boundary
condition (1.1.3) with (1.1.4) behaves like a superposition of one-dimensional diffusion
waves as t — 0o as in the case of one-dimensional compressible Navier-Stokes equation,
see [19] and [29]. More precisely, consider the problem (1.1.5)-(1.1.8) for u. We prove
that, under appropriate conditions for ug, the solution u(t) satisfies

IMES

105 (u — yras — x—a_)(t)|l2 < C(L+8)7572, k=0,1, (1.1.9)

13



where a. = "(1,£1,0) and y+ = y+(x1,t) are the diffusion waves given by
X+ (21,t) = 24 (21 £ 1, 1). (1.1.10)
Here zy = zy(x1,1) are the self-similar solutions of the viscous Burgers equations

v+
2

Oz — D2 24 F O (21) =0 (1.1.11)

satisfying

/Rzi(xl,t)dxl = %/Q(qzﬁo(m) + (14 ¢o(z))wy(z))da (1.1.12)

for some constant ¢ € R. In contrast to the case of the non-slip boundary condition, we
see that a hyperbolic aspect of (1.1.1)-(1.1.2) appears in the asymptotic leading part of
the solution under the slip boundary condition.

The large time behavior of solutions of (1.1.1)-(1.1.2) under the slip boundary condi-
tion (1.1.3) would be expected to approximate the behavior of solutions of (1.1.1)-(1.1.2)
in a thin fluid layer under the Navier boundary condition. Let us consider (1.1.1)-(1.1.2)
in the layer Q, = {x = (z1,72) € R% 71 € R,0 < xo < {} with 0 < ¢ < 1 under the
boundary condition

(1102, 0" + kv | sy00 = 0, 0 |ap=0r = 0, (1.1.13)

where k > 0 is the friction constant and n represents the direction of the outward normal
to the boundary d€2, and hence, n|;,—0 = —1 and n|s,= = 1. We introduce the non-
dimensional variables z, t, p, v, P defined by

x=10% t=TL p=pp, v=V0, P=p VP

with T = 2£ and V = % It follows that p and v are governed by the equations
o

95 + divz(po) = 0, (1.1.14)
B+

P00 + 0 - Vi) — Az — Vidivat 4+ VzP(p) = 0. (1.1.15)

The domain €, is transformed into €2 and the boundary condition (1.1.13) becomes
(05,0"n + 220" 5,201 = 0, 0%|z,201 = 0. (1.1.16)
Letting ¢ — 0 we obtain (1.1.1)-(1.1.2) with x and u + g’ replaced by 1 and /%“,,

respectively, and the slip boundary condition (1.1.3). Since p(xz,t) = p.p(7, ;’%) and

v(z,t) = L50(%, p’:ﬁg), we find that the behavior of solutions of (1.1.1)-(1.1.2) in €, under
the Navier boundary condition (1.1.13) is expected to be approximated by the large time
behavior of solutions of (1.1.1)-(1.1.2) in Q under the slip boundary condition (1.1.3)

when 0 < ¢ <« 1.
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This chapter is organized as follows. In section 1.3 we state the main results of this
chapter. In section 1.4 we study the spectral properties of the linearized operator, and
in section 1.5 we rewrite (1.1.5)-(1.1.8) into a problem for a system of equations for the
low and high frequency parts. Section 1.6 is devoted to estimating the low-frequency
part, while the high-frequency part is estimated in section 1.7. In section 1.8 we give the
estimates for the nonlinear terms. In section 1.9 we study the asymptotic behavior of the
solution of (1.1.5)-(1.1.8).

1.2 Notations

In this section we first introduce some notations which will be used throughout this
chapter.

For 1 < p < oo we denote by LP(X) the usual Lebesgue space on a domain X and
its norm is denoted by || - ||zr(x). Let m be a nonnegative integer. The symbol H™(X)
denotes the m-th order L*-Sobolev space on X with norm || - ||gm(x). In particular, we
write || - [|r2(x) for H°(X).

We simply denote by LP(X) (resp., H™(X)) the set of all vector fields w = T (w?, w?)
on X with w’ € LP(X) (resp, H™(X)), j = 1,2, and its norm is also denoted by || - || z»(x)

(vesp., || - ||lam(x)). For u = T(¢,w) with ¢ € H*(X) and w = "(w',w?) € H™(X),
we define [[ul| gr(x)xm(xy bY ullmex)yxmmx) = ([0l e + wllarx). When k = m, we
simply write [[u| grx)ysmex) = [l g -

Partial derivatives of a function w in z, x; (k = 1,2) and ¢ are denoted by 0,u, 0, u and
Oyu. We also write the higher order partial derivatives of u in z as d'u = (9%u; |a| = 1).

In the case where X = () we abbreviate LP(Q) (resp., H™(2)) as L? (resp., H™). In
particular, the norm || - || () = || - ||z» is denoted by || - ||,. We denote the inner product

of L*(Q2) by
(f.9) = / f(@)g@)de,  f.g € IXQ).

The average of a function f in x5 on (0,1) is denoted by (f) :
/ f .TQ dSBQ

H2 - {w = T(wlﬂ wg) € H2<Q)7 ax2w1|a:2:0,1 = 07w2|1‘21071 = 0}

We set

*

For a € R, we denote by L! = L!(Q) the weighted L' space with weight (1 + |z1])%,
and its norm is denoted by

= o| f(x)|da.

Il = [+ el s@)lda

We denote the Fourier transform of f = f(z1) (z; € R) by f or F[f] :
F&) = FUA1©) = [ faneedn, e
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The inverse Fourier transform is denoted by F~!:

FAS() = 2m) / fO)dEde, o eR.

For operators A, B, we denote the commutator of A and B by [A, B] :

[A, Blf = A(Bf) — B(Af).

1.3 Main results of Chapter 1

In this section we state the main results of this chapter. We have the following decay
estimate of the L?-norm of the solution u.

Theorem 1.3.1. There erists a positive number gy such that if ug = " (g, w) € (H? x
H2) N LY with wy = " (wl, w?) satisfies ||uo||gzarr < €0, then problem (1.1.5)-(1.1.8) has
a unique global solution

u(t) = "(6(t), w(t)) € C([0,00); H? x HY)

and u(t) satisfies
1_k
lozu(®)ll2 < C(1+) 7572 [Jug| 2

fort>0,k=0,1,2.
We next consider the asymptotic behavior of solutions.

Theorem 1.3.2. In addition to the assumptions of Theorem 1.5.1, if ¢g, w} € Li/w then

MBS

105 (u — xar — x—a )()» < C1+1)727%, k=0,1.

Here ar = "(1,41,0) and x+ = x+(z1,t) are the diffusion waves given in (1.1.10)-
(1.1.12).

The proof of Theorem 1.3.1 will be given in Sections 1.4-1.8, and Theorem 1.3.2 will
be proved in Section 1.9.
1.4 Spectral properties of linearized operator
We consider the linearized problem
Ou+ Lu=F, u|i— = up, (1.4.1)

where v = T(¢p,w); F = T(f°, f) with f = T(f', f2) is a given function, and L is an

operator of the form
I 0 ~vdiv
vV —vA — pVdiv
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in H' x L? with domain D(L) = H' x H?.
To investigate (1.4.1), we consider the Fourier transform of (1.4.1) in z; € R:

B + ivED" + 0y, 0 = fO, (1.4.2)
Oy + (v + D)2 — vO2 Wt — €D, W + ivEd = [, (1.4.3)
Opid? + vE*D? — (v + )02, 0* — iDED,, 0" + 70,0 = f2, (1.4.4)
Opy 0! | py=0.1 = W?|sy=01 = 0, (1.4.5)
Gil—o = tig = " (o, o). (1.4.6)
We thus arrive at the following problem
i+ Let = F,  ii|y—o = tio, (1.4.7)

with a parameter £ € R. Here 4 = 4(&, xo, t); ﬁg is the operator

R 0 a3 VOr,
Le=| & (v+0)& —vd2, —iv€D,,
YOz, —10€0,, v€? — (v + 5)852

with domain D(L¢) = H'(0,1) x H2(0,1), where H2(0,1) = {w = T(w',w?) € H*(0,1);
Dy W |2y=01 = W?|4y—01 = 0}. For —Lg we have the following result.

Lemma 1.4.1. (i) A =0 is a semisimple eigenvalue of —Ly.
(ii) The eigenprojection 11 for A =0 of —Lg is given by

(0
u= | (w')
0

foru=T(¢,w) withw =T (w!, w?).

The proof of Lemma 1.4.1 is straightforward and we omit it.
We next expand @ and F' into the Fourier series:

oo oo o
o= 5 Pr cos kmzy, W' = g Wy, cos krag, W° = g W7 sin kg, (1.4.8)
k=0 k=0 k=1

1o = Zf,? coskmay, fl= Zf,i coskrzs, f2= Zf,f sin kmas. (1.4.9)
k=0 k=0 k=1

It then follows that

Dby, + i€t + vk = f2, (1.4.10)
A}, + v(€2 + K2 n)ih 4 0E20} — ivkn&w? + inEoy, = [}, (1.4.11)
u? 4 v(&2 + K2 r2)? + ivknéw) + vk*m?i? — ykmop = f2. (1.4.12)
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We rewrite it in the form

Oy, + Ly, = Fy, (1.4.13)
where iy = T (g, W}, 02), F = T(f0, fL, f2) and
R 0 1vE vk
Ley = ivé v(E+ k*r?) + P —ivkmé
—vkm ivkné v(€? + K*r?) + vk*r?
As for the the spectrum of —I:&k, we have the following lemma.
Lemma 1.4.2. (i) The eigenvalues —ﬁg}k are given by
Ao(§) = —v (& + k),
Aesl6) = —5 (v +)(E + K?)
+ %\/(u + 0)2(€2 + k2m2)2 — 4y2(€2 + k272). (1.4.14)

(ii) The eigenprojections for Aoy and Ay y are given by the following Py and Py, re-

spectively:
0 0 0
£2 thmé
1 —
Pox = &2 + k?n? &2 + k2n? ;
_ 1kmwé B k2m?
€2 1 k22 €2 1 k22
—Ak 1vE vk
| e Sk _ikmOh,
Pip= SV v £2 4 k272 &2+ k2n2 |,
+k —k - Zkﬂ'f)Lhk k2772>\+7k
v €2 4 k212 €2 4 k2n2
Atk —i7¢ —km
1 i g _ 52)\—,k Z'k?ﬂ'f)\_’k
P_j = PV v 4 k22 €2 4 k22
Tk —k Zk)ﬂ'f)\_ k k22 _ k
vk : :

_52 + k272 _§2 + k272

Lemma 1.4.2 can be proved by elementary computations.

1.5 Decay estimate: Proof of Theorem 1.3.1

We consider the nonlinear problem

U|t:0 = Ug.

{aﬂm— Lu = F(u),

(1.5.1)

18



Here u = T(¢,w) and F(u) = (f*(¢,w), f(¢, w)).
One can prove the local solvability for (1.5.1) as in [14].

Proposition 1.5.1. Assume that ug = " (¢o, wo) € H*> x H? and ||do|lsc < 5. Then there
exists Ty > 0 depending on ||ug||gz such that problem (1.5.1) has a unique solution u =
(¢, w) on [0, Ty] satisfying u € C([0, Tp]; H2 x HA)NCY([0, Tp); L?) with w € L(0,Ty; H?)
and ||¢o(t)||loo < 2 fort € [0, To]. Furthermore, the inequality

To
sup {[[u(?)[[m2 + [|Ou(t)2} +/ [[w][Fsdt < Co{1 + [|uol|72}* [[uol 72 (1.5.2)
t€(0,Tp) 0

holds with some constants Cy > 0 and a > 0.

The global existence of u(t) follows in a standard manner from Proposition 1.5.1 and
Proposition 1.5.5 below which provides the a priori bound ||u(t)|| gz < Cllug||g2nzr when
|uol| 2nrr is sufficiently small.

We next consider the a priori estimates for u(t). Let ry be a number satisfying 0 <
ro < 1. We introduce the cut-off function 1y¢<,,} defined by

1 (€] < 7o),
Lgei<ney = {O (|€| > 7). (1.5.3)

We introduce the projections P; and P,, defined by
Plu = .7:_11{|§|90}H]:u, Poo =1- Pl. (154)
It follows from Lemma 1.4.2 that

Pre™ug = F Lyjeizny [ Py + €0'P_ o] Tilg

Ao 1§ 0
1 I y 7
1o P R Y
4.0 -0 O O 0 (155)
+ 6)\7,015 _nyf —/\_,0 0 <’LI)(1)>
0 0 0 0

for ug = " (¢o, wi, w2). We also note that Pyu does not depend on x5, and so,

3$2P1u = 0.
We decompose u = ' (¢, w) into
u=u;+ Uoso,

where

ulzPlu:T(gbl,w},wf), Usy = oou:T(gboo,wio,wgo).
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Remark 1.5.2. We see from the definition of Py that u; = uy(x1,t) satisfies
105 o < 1105, wll

for arbitrary k and l. We also note that us, satisfies
[tos||2 < ClOzticol2-

We will frequently make use of these properties in the subsequent arguments.

Proposition 1.5.3. Let u(t) be a solution of (1.5.1) on [0,T]. Assume thatu € C([0,T]; H*x
H2)NnCY([0,T); L?) with w € L*(0,T; H?). Then

up = (¢, wy) € CH[0,T); H(Q)) (VI =0,1,2,--)

and
Uso = (oo, Weo) € C([0,T); H* x H?) N C'([0,T); L?)
with wa, € L*(0,T; H?).
Furthermore, uy and us satisfy

t

u; = Pre Mg + / P~ Dl py(r))dr, (1.5.6)
0

8tuoo + Lt = Fom uoo't:O = Poou07 (157>

where Foy = P P = T( 20, foo)afoo = ( olo7fgo>'

Proof. Since P;L C LP; (j = 1,00), applying P; to (1.5.1) we obtain the desired results.
[

We define M (t) > 0 by
M(t) = Mi(t) + Moo(t) (t €10,T7]). (1.5.8)
Here M, (t) and My (t) are defined by

M, (t) = sup {Zu 1) TR0 g (1) [l + (1 + T>i||atu1<r>u2} ,
k

0<r<t —0

Mo (t) = ( sup (14 78 {[luse(r) s + ||atuoo<f>||§})2 .

0<r<t

We note that, by the Gagliardo-Nirenberg-Sobolev inequality,

lur (Do < Cllus ()13 10,1 (1)1 < C(1+1)"2 My (8),
[to0(t)[loo < Clluce(t)[ 2 < C(1+1)"1 Moo (t).
We introduce the quantities F(t) and Du(t) for e (t) = T (doo(t), weo(t)):
Eoo(t) = lluce(t) 52 + 1000 (£) 13,
Doo(t) = [IVous ()7 + [ Vwee (@)1 72 + [1Gruce (8) 1771
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Proposition 1.5.4. Let u(t) be a solution of (1.5.1) on [0, T]. Then there exists a positive
constant €1 such that if [|u(t)|| g2 < e and M(t) <1 fort € [0,T], the estimates

M (t) < Cf|luolly + M(¢)*} (1.5.9)

and

t
Eoo(t)—l—/ eI D_(1)dr
0 (1.5.10)

<C {e“tEOO(O) F (140 M) + /0 t ea(tT)R(T)dT}

hold uniformly fort € [0, T] with C > 0 independent of T. Here a = a(v,v,7) is a positive
constant; and R(t) is a function satisfying the estimate

R(t) < C{(1+ ) 2 M(t)* + M(t)Doo(t)}. (1.5.11)

The estimate (1.5.9) will be proved in Section 1.6, and the estimates (1.5.10) and
(1.5.11) will be proved in Sections 1.7 and 1.8.

From Proposition 1.5.4, one can show the following uniform estimate of M (t) as in
[12].

Proposition 1.5.5. If ||ug||gznrr is sufficiently small, then

Theorem 1.3.1 now follows from Propositions 1.5.1 and 1.5.5.

1.6 Estimates on Pu

In this section we estimate the low-frequency part u; = Pju and prove estimate (1.5.9) in
Proposition 1.5.4.

Proof of (1.5.9). We see from Lemma 1.4.2 and the definition of II that

1
2

0%, e~ Pruglls < C (/R ’5‘216_60£|2t1{5|§ro}|ﬂﬁ°‘2d€>

%
<C (/ |5|216_C°§'2t1{5|<m}d5) l|uol|1
R
<O +1)7172 Jug|s (1.6.1)

for [ > 0, and hence, by (1.5.6), we have

t

107, us(®)]l2 < 1107, e Pruo]|2 +/ 107, D EPLE (u(7)) [l2d7
0
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< O+ 1) 5 E fuy + / 108 e~ Py (u(r)||dr

for k=0,1,2.
Let us estimate / 10% e~ "="L P F(u(r))||2d7. By the Sobolev inequality: ||¢]lec <

C||®|| 2, we see that there exists a positive constant €5 such that if ||u(t)| gz < ey for
t € [0, 7], then [|¢(t)|lo < 5 for t € [0,T], and hence P, F(u) is written as

PlF(U) = PlamlF(](U) + Plﬁ’(u),
where

—’7¢1w1
Fo(w) = | =5 (@) + 0+ 2)(@rdwd) + 561 = TPO ()0}
0

Here each term in P; F'(u) includes tqo, O((03,11)?), O(ud0y, 1) or O(u20L wy) (I =1,2),
and P F(u) is estimated as

IPLE (u(r))][ < C(1+7)"TM (1),
It then follows from (1.6.1) that

k
2

(1+7)"TdrM(t)?

=

[ 1ot b < @+ e-m
<O+t 12 M)

As for the estimates for P;0,, Fo(u) part, we write it as

t
/ 10 DL P a,, Fo(u(r)) lodr
0

:</ / )H 7 Py, Fy(u())

= Il + IQ.

Since 0,,¢"* P, = e ' P0,,, we have

I= / 108+~ Py By (u(r)|adlr

< c/ 14+t —7)"375(1+7) 2dr M(t)?

k

<O+t 2 M) k=0,1,2.
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As for I, we have, for k =0, 1,

t
Izgc/(wt—f)—i—é

2

< CO(L+1t) i 2 M)

(14 7)"tdrM(t)?

For k = 2, we have

t
L<C / 19aye~CDEPE2. Fo(u(r))||adr
2

t -
< c/ (1+¢—7)"3(1+7) 2drM(t)?
< C(1+1t) T M(t)
We thus obtain

k
2

108, wr (D)2 < C(1+ 1) 752 {[fuol|s + M (1)*}. (1.6.2)

We next estimate the time derivative. We have
| = Luy (t)[|2 < CLI102, w1 () ||z + [|02y ua (8)]]2}
< O+ )7 {[Juolls + M(8)*},

and
IPLF (ut))[|l2 < C(1+ 1) M(#)>.
Since
Oyuy = —Luy + Py F(u),
we obtain

10vur ()2 < || Lua ()2 + [ PLE (u(t)) 2
< CQL+ 1) {fluolls + (1)),
By (1.6.2) and (1.6.3), we deduce the desired estimate. This completes the proof. O

(1.6.3)

1.7 Estimates on P, u

In this section we estimate the high-frequency part u, = Psu by using the Matsumura-
Nishida energy method to prove estimate (1.5.10) in Proposition 1.5.4.
We introduce the quantity D[w| which is defined by

Dlw] = v||Vw|; + |/ divew]f3.
We also define operators P, and P, by
Pip=F "<} (F9), Poo=1- P
Note that Piu = T (Py¢, Piw',0) and Pau = | (Pa, Pow®, w?) for u = T (¢, w', w?).

To prove (1.5.10), we prepare some basic estimates.
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Proposition 1.7.1. Let k and j be nonnegative integers satisfying 0 < 2k + j < 2. Then

1d
2dt

. . v+ .. 1
10F0%wcells + DIO O}, woc] + —5= 19707, dcclls < CRSY, (1.7.1)

where

hoo = oo + YW - Viboo,
R) = L (dive, |00, 0 ) — 1050, 1] - Ve, 0105, 61)

2 t Yz t Yxy

+ (OF 01 fO, 080 hoo) + (OF D foo, OFOT o) +

t Yx1d oo T t Yxy

v+
2

loF 05, £l

Here and in what follows, fgo denotes
fO = AP (w - Vo) — YPss(w - Vo + ¢divan).
Proof. Equation (1.5.7) is written as

O1oo + YW - Voo + ydiviv,, = 1’0, (1.7.2)
O Woo — VAW — DV diviws + YV oo = foo.

We compute (87 (1.7.2),07 ¢oo) + (82, (1.7.3), 07 wes) to obtain

1d, . .
5 2102, sl + DI )
- _7(w ’ Vailgboo’ agﬁqSOO) - 7([8£17w] ’ v¢ooa 85:1¢oo)
+ (00, f2, 00 o) + (02, foo, 0 i) (1.7.4)

= (v, |3, 6uc]?) = ([0, 0] - Ve, D, 00c)
+ (a‘ij NC?O’ ailgboo) + (agjlfOCH ailwoo)
We set ¢ := 9,¢ +yw - V. From (1.7.2), we have 0] do = —ydivd] we + 0 f2, and

hence . . . . ~,
102, 6ol < C(7*[ldivol, wec|l3 + 107, 2 13).

We thus obtain

Y - B S . v+r R
131 b3 < c{uuva;lwoous T idivel w2 + 2 H@@j&\@}
7 h 7 (1.7.5)
_ C{D[azlwooJ + 2 Hailffollg}-
By (1.7.4) + 55 x (1.7.5), we obtain
d . . v+uv L.
gi 108 oll3 + DI wc] + 110, 6ol < CRyp. (1.7.6)
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Replacing 82 by 9;, we also have

iﬁ
C~?
This completes the proof. n
Proposition 1.7.2. [t holds that

1d _ 1
5 a7 {Plwe] = 27(0oc, diviv) } + 5[ Oruuce I3

2dt
< {7y Ildivwse |3 + 1 £z + 1 focll2 + 1w - Voo |3}
Proof. We compute ((1.7.2), ;¢ ) + ((1.7.3), Osws,) to obtain

d .
37 |10vtsell3 + Dldrwec] + -5 |03 < CR}). (1.7.7)

(1.7.8)

1d .
1 Otioo |5 + §&D[woo] + Y{(divweo, 0 Poo) + (Vdoo, o) }

= (W Véuo), Oioe) + ([, Do) + (foos Detwnc)-
Since (V@oo, Ois) = —(Poo, divO,ws, ), we have

0cl + 5 S Dlvc] + (v, i) — (6, v )}
= —y(w - Voo, 0dso) + ( ~c(>)o7 Orhoo) + (foo, Ortwns) (1.7.9)
< okl + Cllhw - Vo + 171 + 17l

Adding —27(divive, di6u0) to both sides of (1.7.9), we obtain

1d d .
5& — ")/&((ﬁoo, lewoo)

: 1 - -
< —2y(divies, o) + ZHatuong +C{llw - Vosllz + 1/l + 1 fwll2t

100013 + 5 = Dlws]

1 _ . .
< QHatuooH% + C{?ldivws |13 + [[w - Voooll3 + 15113 + 1/ lI3},

which gives the desired estimate. This completes the proof. O

Proposition 1.7.3. Let 7 and | be integers satisfying 0 < 5 +1 < 1. Then

1d . '72 .

Z_ 197 ot - 2, 1 19 ittt - 2
ZdtH x1 7 X2 (b ”2+I/—|—IJH x1 7 X2 (ZS HZ
1

< OB + 0 {0010+ 20110, V).

V—i_i) Tl T2

(1.7.10)

where

R = %(divw, 00,005 s ?) + C {@ +0)|[03,055", w] - Voo |3

7,1 T1 X2 r1 YT )

z1 72’ Y00
vy

By = 0, O + ——f2.
oo 2foo+y_‘_ﬁfoo

IAATIP Y, ||3},
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Proof. We compute 0,,(1.7.2) + X (the second component of (1.7.3)) to obtain

—H/

. . f)/
axg ¢oo + Fyaxgdlvwoo + U+ Natw - ~

~ 2
vy 0

. g
ﬁédelvwoo + m&mgboo =h .

v

I ]:11'8 gl. VES
IE2¢OO ’y 6%2(600 h ,y ~ li (woo) (1" .1]'>
1% 1% ’

where
H(w) = w* — vd2 W + 10y, Op,w'.
Applying 87 9. to (1.7.11) we have

1 T2

& o+ + 7 ay Otle. =& 9l ho — 1/+y H(& 8 wa). (1.7.12)

1Y T2 ~ Y1 Yo x1 Pz’ Yoo x1 VT2

We also write (1.7.12) as

a aj 8l+1¢oo —i ] al+1¢oo

1 T x2 D 331 z2

= —yw - V@ilaﬁgl(bm [8;18551, w] - Voo + 3;159;2]120 (1.7.13)
— T H(0 0 wee).

V+V r1 T2

Taking the inner product of (1.7. 13) with 97 9L ¢, we have

1 Tx2

I+1 I+1 2
Zdt”ailaxg ¢00||2 ||ag716a32 ¢OO||2

= 2 (diva, |2 al+1¢oo|> + (=710, 01" w] - Voo

1 T2 x1 T2

YR — T H@ O wy),d 9.

T1 T2 700 Tl ~x2 VA 1% R 13>
v+v

102,00 sal3 + <dww |07 a”l%\?)

1~ x2

( V)

—i—C’{(V—i—D)H (07 oL ].v%H;Jr (1.7.14)

!, 0,

r1 “xo ?

1 Tx2

1 2
sl atwoouz+ﬁna;fa;wmnz}

Tl T2

2
o )||aﬂ O uelly + R

2
! 2 v +1 2
{ oL ok a0 e VB

The desired estimate follows from (1.7.14). This completes the proof. O
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Proposition 1.7.4. Let j and [ be integers satisfying 0 < 7+ 1 < 1. Then

V—l—y

1d
L o, ot 0l 08,02 0l +

<CR +o{ 0., wm||3+m||aﬁlaigwm||%}.

104, 05 b

1~ x2

(1.7.15)

1 -T2

Proof. From (1.7.12), we get

1/—{—y
—— 102,05 poc I

1 X2

2

< c{ T o, ot o3+ ||a;la;atwoou2 (17.16)

oo, Vel + 3 hmHQ}.

By (1.7.10) + 55 x (1.7.16), we obtain

2 vV+r

Jj i+l 2

i+1 2
x1 - X2 ||0‘7 a ¢00H2
9 .

Tl T2

108,001 0l +

Tl T2

(1.7.17)
This completes the proof. n

Proposition 1.7.5. Let j and [ be integers satisfying 0 < 7+ 1 < 1. Then

2
v
a0 0y bl + ~||3J 0, woo 3

x1 7T T 7T

1/+V

< C{mnata;’lwoolﬁﬂ + 102, |24 (1.7.18)

VAU, o .
ok, e + mna;lfoon?ﬂ}-
To prove Proposition 1.7.5 we will apply the following lemma.

Lemma 1.7.6. Let u = '(p,v) be a solution of the Stokes system

div v = f,
—Av+Vp=y, (1.7.19)
azgvl‘xgzo,l = U2|x220,1 = 0.

Then there exists a constant C > 0 such that, for 0 < j+1 <1,

109,05 20l2 + (102,05 plla < C{102, 0,7 flla + 1102, 0912}

1T T x1-x
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It is not difficult to prove Lemma 1.7.6 by using the Fourier transform in z; and the
Fourier series expansion in x as in (1.4.8) and (1.4.9). More precisely, one can prove
Lemma 1.7.6 for [ = 0 by using Lemma 1.4.2 with v = v = 1,7 = 0; and for [ = 1,
in addition to Lemma 1.4.2, we also use the equations (1.7.19) to estimate [|0Z,p||2 and
102, v]|2. We omit the detail.

Proof of Proposition 1.7.5. We rewrite equation (1.7.2)-(1.7.3) in the following form:
. ]- ~0 i
div wee = =(for — ¢o0);
v

e +9 (26) = 2 { i~ (- 2902~ ) ) |

It then follows from Lemma 1.7.6 that

(1.7.20)

T x17x

<C {H (fS% = o)

v
L3103, 05 3+ 1102, 05 e

2

Hi+1

i H%aﬁgxﬁo ~ O+ ZV(f = 90)

2
(1.7.21)
Hl
V2 + D2

{—nat el + 722 19 )2,

2

2 0, P s + 5 02 foon?ﬂ}.

By #21/ X (1.7.21) we obtain the desired result. O
We are now in a position to prove (1.5.10).

Proof of (1.5.10). We compute by x {(1.7.1);—4—0 + (1.7.1);21 k=0 } + (1.7.8) with a
positive number b;. Taking b; suitably large, we see that

Eo(t) = bifJuce(t) ||z + Dlwss ()] — 27(¢oo (1), diveve (1))

is equivalent to
luse (0)1]3 + Dlwss ()],

and obtain 1d .
_ — < .
2th1(t) + 2D1(t) < CNy(t), (1.7.22)

where

Eq(t) = Eo(t) + bu]|0s, use (1)]12,
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D) =0 Y (D[a;;lwooa)] n ”;”namm(t)u%) s (92,

Ni(t) = + T3 + 1 Fooll3 + e - Voo 3.

J=0

1
R')

We next consider by x (1.7.22) + (1.7.15),2,—¢. Then, with a suitably large by > 0, we

have 1 d )
_ — < .
5 q Es(t) + 21)2(15) < CNy(t), (1.7.23)

where

Es(t) = b2 Er(t) + [|0uy b0 (1) 12,
bg ’)/2 v+v

Dy(t) = 5D1(t) L D”aﬂﬁz(boo(t)’l% + o

Na(t) = by N1 (1) + ‘R((fo‘ .

1600 ()17,

It then follows from bs x (1.7.23) + (1.7.18),;-,—¢ with a suitably large b3 > 0 that

1d 1
_ — < .
5 E5(0) + 5 Ds(1) < CNs (1), (1.7.24)

where

Dy(t) = BDy(t) + L 0,6 ()2 + -2
T g y 4 p el s
vV4+uU, o~

N3(t) = bgNa(t) + 7“]&”%{1'

107 weo ()13,

We next compute (1.7.24)+by x {(1.7.1) j20 k=0 +(1.7.1) j— =1 } +(1.7.15) j—1 ;0. Taking
by > 0 suitably large, we have
1d 1

S B(t) + 5 Daft) < ON(1), (1.7.25)

where

Ey(t) = E3(t) + ba{[| 0%, oo (1) 13 + 1010 (D)[12} + [0, Ora P (B)]12,
2

Di(t) = Da(t) + ba{ D[2, wee (8)] + DOrwoac(D]} + 2 — 102,026 (0

v

;”{\lamqboo(t)ml (B2},

Ni(t) = Na(t) + [REN0)| + [REY )] + [REB@)]

_|_
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It then follows from b5 x (1.7.25) 4+ (1.7.18) ;-1 ;=¢ with a suitably large b5 > 0 that

~ S B(t) + =Ds(t) < CNs(t), (1.7.26)

where

b5 ’}/2 2 V2
Dsft) = 2Duft) + 0 Due (D] +

Ns(t) = Na(t) + [0, (D7 + 10, fo (D)13-

We next consider bg x (1.7.26) + (1.7.15);-0,=1. Then, with bs > 0 suitably large, we
have

102, Owoe (1) 13,

1d 1
53 Bo(®) + 3Dult) < CONift), (1.7.27)

where

Eg(t) = be Es(t) + (|0, 00 (1) I3,
v+

,)/2

_ % 7 2 2 ; 2
De(t) = 5 Ds(t) + - — 105,000 (t) 12 + [P0 () [[ 72

2 v+
No(t) = Ns(t) + | B (1)

We then deduce from by x (1.7.27) 4 (1.7.18)-9,=1 with a suitably large b; > 0 that

~ S B(t) + 2 Dy(t) < ONa(1), (1.7.28)

where

b 2 2
Dit) = 5 Do(t) + " —

Ni(t) = No(t) + IS + 1o Ol

By (1.7.2) we have

103 woe (1) 3,

14
1026mc(8) +

+v

10i0ocllFr < CLPIVwsolli +lw - Vool + 1%} (1.7.29)
We then deduce from bg x (1.7.28) + (1.7.29) with a suitably large bs > 0 that

1d 1
el - < 7.
2th8<t) + 2D8<t> < CNs(t), (1.7.30)

where

Eg(t) = bgEq(1),
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Ds(t) = 2 Dr(t) + 196 (1) i
No(t) = M) + [+ V) ()3

Note that Dg(t) is equivalent to Dy (t). By Remark 1.5.2, we have Dg(t) > ¢ Ex(t) for
some constant ¢; > 0, and hence,

%Eg(t) + c1 Bg(t) + Ds(t) < 2CNg(t).

This implies
t t
Eg(t) + / e~ Dg(7)dr < e 1 Eg(0) + 26’/ e~ ) Ny(7)dr.
0 0

Since, by (1.7.3),

V02wl = 0wl — vO2 wh — 00y, (0w + Opywl) + Y02 Goo — fro

xro o0
(v + ﬂ)(‘?iwgo = (9tw§o — V@ilwio — 17822(91110(1)0 + YOz, oo — fo,
and
102, 0y oo (1) |5 = (87, woo (), 02, woo (£)) < (|02, woo (1) ||21| 02, woeo ()2,
we have

102, Oy wo (0)5 + 1185, w() |15 < C{Es(t) + || fo (£)]15}
< C{Es(t) + (1 + ) 2 M(1)"}.

Therefore, we conclude that
t
E(t)+ / e~ =T D (1)dr
0
t
<C {e—aono(o) F 1+ M) + / €_a(t_T)N8(T)dT}
0

holds uniformly for ¢ € [0,7] with C' > 0 independent of 7. Here a = a(v,7,7) is a
positive constant. We will see in section 1.8 that Ny satisfies the estimate

No(t) < C{(1+ 1) EM(1)* + (1 + )" TM(t) Do (1) }.
We thus obtain estimate (1.5.10) with R(t) = Ns(t) that satisfies (1.5.11). This completes
the proof. 0
1.8 Estimates on nonlinearities

In this section we estimate the nonlinearities to establish (1.5.11) for R(t) = Ng(t).
By using the Gagliardo-Nirenberg-Sobolev inequality and Remark 1.5.2 we have the
following estimates on f° = —ydiv(¢w).
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Proposition 1.8.1. The following estimates hold uniformly for t € [0,T] with C > 0
independent of T :
: _5 L
[¢div w|[ g2 < C{(L+8)7TM(t)* + (1 +1) 72 ( )V Dus(t) },
§
[w- Vol g + ||w Vol <C(A+8) 1M
5

(1.8.1)
(1.8.2)
|(diva, |80, ¢ |?)] < CL(1+ )2 M (2)? +(1+t)—%M(t)Doo(t)}, (1.8.3)
I[0F 05, w] - V¢oo||2<c{1+t )TEM(8)* + ( (1.8.4)

for 2k + 7 <2 and

17212 < C{(1 *3M(t) +(1+6)"2M(t)\/Dao(t) }, (1.8.5
10,7211, < C{A+ )7 TME)? + (1 + )2 M(£)/Doo(t) }. (1.8.6)

We next consider the estimates for f.. We recall that ||¢(t)]|oc < + whenever [|u(t)| 2 <
g9, which follows from the Sobolev inequality ||u(t)|leo < Cl|w(t)||g2-

Proposition 1.8.2. If ||u(t)|| g2 < &9 and M(t) <1 fort € [0,T], then

sl < C1+ )7 TM (1), (1.8.7)
ol < CLL+1)TIM(E)? + (1 + )2 M(t)y/Dc(t) }, (1.8.8)
(8, foos Otsg)] < C{(1 + 1) 2 M()* + M(t) Doo(t)}, (1.8.9)

where C' > 0 is a constant independent of T.

Proof. The estimates (1.8.7)-(1.8.9) can be proved by using the Gagliardo-Nirenberg-
Sobolev inequality and Remark 1.5.2. We here estimate the term (0;(+% Aw), dyws,) only,

1+¢
which appears in (1.8.9). We set g(¢) = 1+¢ Then

[(0i(g(d) Aw), Ojwe )|
= | = (0:(V(9()) Vw), Oywee) — (0:(9(9) Vw), 9 Vwy)|
< 1(0:(9'(9)VOVw), Oswao)| + [(9:(g(0) V), 0: V)|

=1+ 1L
The first term on the right is estimated as

I <|(g"(6)0:pVdVw, )| + [(9'(9)0: VoV, Oiwe )|
+1(9'(¢)Vdp, Vw, Orwe )|
< C{l10i0l4[[Vollal[ Vool Orweo 2 + [|0:V @l[2] Vel oo | Orwoo |2
+ [[Vollal 0 Vw2 Orwe][4}
< C{l0:|l i IV o i [V 2 || Qw2 + [|0:V @2l Vo | 2 (| Qw2
+ IVl a0 Vwl|z| Qw11 }

< C{A+t)3M(t)* + (14 t) 2 M(t) Do () }.
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As for II, we have

I < C{llg'(0)0rpVwllz + [|9(6)0:Vwl|2}H|0r Ve 2
< C{ll8ollall Vwlla + [19() oo |0 Vwl[2}] 0 Viwss 2
< C{l0ella IVwllar + [[9]loc [0V wl[2}10: Vewso |2

< C{1+t) 2 M(t)® + M(t) Do (t)}.

The other terms can be estimated similarly. This completes the proof. O
The desired estimate for R(t) = Ng(t) follows from Propositions 1.8.1 and 1.8.2.

1.9 Asymptotic behavior: Proof of Theorem 1.3.2

In this section we prove Theorem 1.3.2. To this end we rewrite (1.1.1)-(1.1.2) in the form
of conservation laws.
We set

m = pv = p.(1+ @)v.
Then (1.1.1)-(1.1.2) is written as

@p + divm = 0,
1.9.1
dym — pA (T) — (u+ 1) Vdiv <T> + VP(p) + div (m © m) —0, (19.1)
P P P
and the boundary condition (1.1.3) is transformed into
ml
Oay (—) =0, m*|__,,=0. (1.9.2)
P/ las=01 =

We note that, from the proof of Theorem 1.3.1,
Im?(®)]l2 = [vpt)w*t)lls = O(t™7) as t — oo

Therefore, to prove Theorem 1.3.2, it suffices to investigate the asymptotic behavior of
T(g,m?).
We decompose ' (¢, m!) as

=0+ by, ®=¢ =P¢ P =ds =Py,

1 -
ml = p*fy(M+Moo), M = lel, Moo =
P P

P.omt.

1 _ M+Ms
Note that w* = e

Applying P; to (1.9.1) and using (1.9.2), we have

{atcb + 0y, M = 0, 193)

a15]\4 - (V + ﬁ)aglM + ’Yamq) = a:mplg(U) + aauplg'
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P (s
_p (p )@2 o ,YMZ’

27
5= 3(0.0) =~ + ) o) - L)

— Y(2M My, + M2) + v(¢pw' (M + M),

g(U) =

20D, + d2)

_ 1 _ M+My
where ¢ = & 4+ ¢, w = =

We write (1.9.3) in the form

{@U + LOU - 8m1P0G(U) + 811POG7 U = POU’ (]_94.)

Uli=o = Folo,

where Uy = T(¢o, #mé) = T(¢0, (1 + ¢o)wy),

1oV YOu,
0 78901 _(V—i_ﬁ)agl 7

=) o= ()

and Py denotes the projection defined by

P®
P — (2
for U = T(<I>,M).
We see from Lemma 1.4.2 that
et = FY(eMP, + TP F,

where

1 1
A = Aeg = =5+ D) £ 5/ (v +9)%¢ - 7€,

— 1 —Ax 1€
Pi_iM—A_(mg )\i>‘

We observe that, for |£] < 1,

he=-2208 x e+ 0E)
1
re=3 (4 ) aroe

We define S(t) and S, (t) by
S(t) = S¢(t) +5-(1),
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Sy(t) = F L8, (t)F,

. 1 viogo,.. 1 +1
I I S ==103

Sx(t) = 5e (ﬂ 1 ) '

Clearly, e='Lo Py has the same estimate as that for e L' P, such as (1.6.1). Furthermore,
et Py is approximated by S(t) in the following way. We define IIy by

HoUy = T(<<Z50>, (My)) for U = T(%, Mp).
Note that 11g Py = Fylly = F,.
Lemma 1.9.1. The following estimates hold uniformly fort > 0 :
(i) 195,e~ Pyl < C(1+ 6)7573 [Tl

(i) [|0% Se(t)PolUpllza < C(1+1t)~ i 2||U0||1,
10k S (O)TIo(I — Po)Uplla < Ct=5e | Uplla, o = (v + )2,

(iii) [|0% (e~ — S(t)) Pols|la < C(1 + )13 ||Up|s.

Proof. The estimates in (i) and (ii) can be obtained by the same computation as in
(1.6.1). As for (iii), since

[Py — S.(1)]
— Cr{|6—%ﬁf2t:|:i'y§t(ekit-&-”;DEQt:Fi’y{t . 1)| + C|€|€R6)\it}

< C(EPt +1€De”

UIV€2t

we have the desired estimate. ]
We denote by U () = T(¢©(21,t), M©1(z,t)) the solution of the following integral
equation:

¢
UO (1) = ST, + / S(t — 7)9,, GUO (r))dr. (1.9.5)
0
We see from (1.9.4) that U(t) is written as

¢
U(t) = e P RU, + / e t=Ilopio, (G(U) + G)(7)dr. (1.9.6)
0
We will show that U(t) is approximated by U°(¢) as t — oo.
By Lemma 1.9.1, we have the following estimates for U (#).

Proposition 1.9.2. If |Up||m2npr < 1, then (1.9.5) has a unique solution U (t) that
satisfies

105, U0 @), < CA+1)”
10,00l < CAL+1)7

Uoll jporprs k=0,1,2, (1.9.7)
|U0||H2OL1’ k; — O7 1 (198)

w\w m\w

1_
1
1_
2
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We have the following estimate for U(t) — U©(t).

Theorem 1.9.3. If ||Up||g2nr: < 1, then

185, (U (1) =UQW)ll, < CL+ 6737 |Upllgags, k=0,1,
for any o > 0.
Proof. We introduce N(t) defined by

N(t) = sup {Z(l + 7))k, (U(r) — U(O)(T))HQ}'
k=0

0<r<t

It follows form (1.9.5)-(1.9.6) that U(t) — U (#) is written as

where

/ S(t — 1) Podiy (G(U (7)) — GUO (7)) dr,
1) = / (&5 — St — 7)) Ry, G(U(7))dr,
L(t) = — /0 "S(t— ) — PO, GO ()dr,
IL(t) = /0 t e~ =ML P9, G(7)dr.

As for Iy(t), we see from Lemma 1.9.1 (ii), (iii) that

108 To(t) ||, < (|08, (e70 — S(2)) PoUp|ly + || S(6) (I — Po)3E U
<C(+1t)” i 2||U0|]H10L1

As for I, by Theorem 1.3.1 and Proposition 1.9.2, we have

IG(U) = GU)Il; < CLI* = () ]ly + 17 — (MO}
<CIU+UONL|lU - U0,
< CA+ )NVl o,

and similarly,

10, (G(U) = GUN)|, < C{l100, (U + U |o||JT = UO
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U+ UON]|0:, (U = U)o}
< CU+ NG Vol s
It then follows from Lemma 1.9.1 (ii) that

t

105, (1)l < C {/2(1 Ft—T)Tim
0

[NIES

(1+7)""dr

2

t
—l—/ (1+t—7)"1(1+ T)1§+6dT} N®|Uoll gz
< C(L+ )TN O)Thl o
We next estimate 9 I»(t). Since
105, G(U)Il < CllU 2105, Ul2 < C(1+ )7 M(t)?,

102, GO)lx < CLNUI20102,Ull2 + 10:, U3} < C(1+1)72 M (1)
We see from Lemma 1.9.1 (iii) that

o7, ()], < € {/ (I+t—7)5 (14 7)"dr
0

k
2

<O+ )73 Ul e

Concerning I5(t), we first observe that d,,G(U®) = Iyd,, G(UY) since 9,,G(U©®)
depends only on x; and t. Furthermore, we have

102, GU|2 < CIU |00, UOla < C(1L+)73 [ Vol 321,
102, GU )]s < CLU ool 02, U la + 1102, U | oo 102, U1}
< C(1+ 1) 4 |Uo 1 3ap-

It then follows from Lemma 1.9.1 (ii) that

t
105 1,(8)l2 < © / e (14 7) T dr | U e
0

5k
SO +t)7772||Uoll gz -
As for I4(t), we have

1G]l < C(1+ 1) M(1)?
100, Glls < C(1+ )2 M(t)?,

37



and hence, similarly to the estimate for 9% I»(¢),

105, 1a(®)ll < C(L+ )73~ Upl| g2

This completes the proof. O

Proof of Theorem 1.3.2. It suffices to show that |0 (U — x,b; — x_b_)(t)]|» for
k= 0,1, where by = "(1,£1) € R% Here x4+ = x+(z1,t) is the diffusion waves given in
(1.1.10)-(1.1.12) with ¢ = L(a + b),a = —0=P2es) = . We follow the arguments in
[19] and [17]. We write Uy as

where

2y

Uo = Uoy + Uy,

1/ 1 =41 1 -
UOi—§<i1 1 >H0UO—§<¢0ip*7m0>bi~

It then follows that

where

UO(t) = S1 (0ot + S-()Us- + L+ () + I (1),

0

La(t) = /0 St - )0, ( (GO 1 B2 ) dt.

We write I; 4 (t) as

where

1 t
B =25 [ 0, (a(d0) + B0 drbs,
0

ety = F L [e(_ V?{Zi”g)tﬂo} .

We note that eI+ satisfies the same estimates as those for Si(¢) in Lemma 1.9.1 (ii).
We define V/(t) = " (n(t), (t)) by

and introduce

We write

UO() = x4 (Obs + X (Db + V(1)

:<X++X—+n)
X+ —X-+¢ )’

Y(t) = sup {(1+7)7 V()2 + (14 7).,V (7) 2}

0<r<t

(3)? = (x+ +x— + 1) (x+ +x— +n)

=2+ X% +2x4x- + O + x4 + 0l +x- + 1)
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=2+ 2+ 20 x- + (e +x- + 6
=2+ X% +2x4x- + o,

and

(MO =33 + 3% = 2xax- + (e —x- + MO
= X4+ X2 — 2xax— + 0o,

where 07 = x4 + x_ + ¢ and 05 = x. — x_ + M1 It then follows that I, .(¢) is
written in the following forms
1 t
halt) = 5 [ 0, (@ + D03 )
+2(a — b)x1x— + ao1n + boz()drb..
Since y. satisfies

a+b [t .
[ e )

Y+ (t) = e HExpr £

where xo+ = x+(0), we see that

V(t) =UO(t) — x4(t)by — x—(1)b_
= 54 (t)(Uot — xo+b4) + S-(t)(Uo— — xo-b-) + [+ + I1 -

t
SO [, (6 (b,
0
at+b [* oL 2
e TR0, (2 ) (T)dThb_
0
= S+ ()(Uo+ — x0+b4) + S-(1)(Uo- — x0-b-)

2
t

(@ 8) [ e 80,08 ) (r)drb
0

+

N — DN =

¢
(a+ b)/ e_(t_T)L*8$1(Xi)(T)dTb_
0

t
F(a—b) / e, (e ) (7)drbs
0

|
—~
S
|
=

t
) / 9, (xax_)(r)drb_
0

_|_

¢
a/ e~ 19, (oym)(r)drdrb,
0

t
0 / =D 9 (o) (F)drb_
0

N = N~ DN =

t
b / e~ (09¢)(1)dTbs
0
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1 t
- §b/ e~ 1=, (02¢)(7)dTb_.
0
It then follows that

@2 < Z 195, 5;(t)(Uo; = x0565) |2

£ G o Ol + 100 O)l)
e / o (H)L+3x1(X+X7)(T)H2dT
e / 108 =28, (x4 x_ )(7)

cy / 0% e~ ¢E40, (1) () |adlr
+Cs [ 108,607 01 o) (o) e
e / 10 &40, (0u0) () |adlr

e / 105, =050, (00) (7)

7
= Z 105,55(1) (Uoj = x009) |2+ > I,
j=1

where
t
walt) = / =020, () (7)dr,
0
1
:—|a+b\ 03 |(I—b| 05 —|a|, C6ZO7Z§|b|
Since
1 ) 1 1
(Upr — xoeby)dzy = | = v £ —mg | dr — [ xo+dxi| by =0,
R 2 Ja Py R
we have

185, S=(8)(Uox — x0bs)l2 < Ot % Jug 13 .

As for I}, we apply the estimates for wy by [24] (see also [17, Lemma 4.2]) to obtain
L < C(1+1)7272 fluoleng:-
We next estimate . For 1 < p < oo and [ > 0, we have

10, Ocex =) Ol < Ce™ [luollFpan - (1.9.9)
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See [19] and [17] for estimate (1.9.9). It then follows from (1.9.9) and Lemma 1.9.1 (ii)
that

k
2

L<C / 4t — 1) 5 (el + 105 (e x) (7)ll2)dr

t 9
S C/ (1 + t— T)*%*%e*”dTHuoH?{szl
0

<O+ 1)1 % Jug | Zanpn-

3_k

Similarly, we have Iy < C(1+t)" 1" 2|jug ||} 11-
We next estimate I,. By Lemma 1.9.1, we have

|+

L<C / "1+t — 1) Eou(n)hdr
0
t
e / (14t — ) 410" (1) (r)]|adr

t
+O/e*W”W—TVW%AmmUWMT
0
=: Iy + Lup + Iy3.

By applying Proposition 1.9.2 and the following estimate
1k
195, x+(®)]2 < C(1 + )15 g1, (1.9.10)

we see that ||oy(7)]2 < C(1 4 7)1 |Jug|| zr2rs . Since [|oanly < |lowl2]7]]2, we have

Iy = CY(t)/ (1+t—7)" 175 (1 + 1)~ idr | uo e
0

_1_k
< C(L+ 04 fugll s Y (1)

Similarly,

t

Lo =CY(#t) | (14+t—7)"1(1+7) 1 2d7|uo gznms

o

[T

<C(1+ t)_%_ ol z2nzr Y (1),

and

¢
Iz = CY(t)/ e_CO(t_T)(t — 7')_%(1 + T)_1_§d7_||U0||H2mL1
0

k
2

< C(1+t) 22 ||ug|| p2nm Y (2).

We thus obtain I, < C’(l—i—t)*%*% ||uo|| z2arr Y (t). We can obtain the estimates for I, Is, I7
in a similar manner. It then follows that if ||ug||gznr: < 1, we have

105V (t)]]2 < C(1 + )72 % |ug| 2z (1.9.11)
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for k=0, 1.

Since w! = ~m' — gw', we have wj = M — Pi(¢pw), and so,
¢1 ¢oo o _ ¢00

u=[ w |+ wh | =| M |+ —Pow!) +wl
0 w? 0 w?

The desired estimate in Theorem 1.3.2 thus follows from Theorem 9.3 and (1.9.11). This
completes the proof. O
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Chapter 2

Asymptotic behavior of solutions of
the compressible Navier-Stokes
equations in a cylinder under the
slip boundary condition

In this chapter, the large time behavior of solutions to the compressible Navier-Stokes
equations around the motionless state is considered in a cylinder under the slip boundary
condition. It is shown that if the initial data is sufficiently small, the global solution
uniquely exists and the large time behavior of the solution is described by a superposition
of one-dimensional nonlinear diffusion waves and a diffusive rigid rotation.

2.1 Formulation of the problem

This chapter studies the large time behavior of solutions of the compressible Navier-Stokes
equations

Op + div(pv) = 0,
p(Ow + v - Vo) — pdivD(v) — ¢/ Vdive + Vp(p) = 0
in an infinite cylinder 2, = R x Dy :
Q={x=(21,2'); 11 €R, 2’ = (wq,23) € Dy},
Dy = {a' = (w3, 23); a3 + a3 < £},
under the slip boundary condition

v-nlsg, =0, D(v)-n— (D(v)n-n) 0. (2.1.3)

nlan =

Here p = p(z,t) and v = T (v'(x,t),v*(x,t),v3(z,t)) denote the unknown density and the
unknown velocity field, respectively, at time ¢ > 0 and position x € Qy; p = p(p) is the
pressure that is assumed to be a smooth function of p and satisfies

P(ps) >0
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for a given constant p, > 0; u and p’ are viscosity coefficients that are assumed to be

constants and satisfy
2
>0, §u+u’ > 0;

div and V denote the usual divergence and gradient with respect to x; D(-) denotes the
deformation tensor whose (j, k)-components (j, k = 1,2,3) are given by

D(v);, = 8%.1)’“ + O V7

n is the unit outward normal vector to 9§, which is given by n = T(0,n’) with n’
(29, z3) being the unit outward normal vector to dD,. Here and in what follows

o= 47
T. stands for the transposition.

We impose the initial condition
pli=o = po, V=0 = vo. (2.1.4)

Here py = po(z) and vy = vo(z) satisty po(z) — p. and vo(x) — 0 as |z| — oo.
In this chapter we will consider the stability of the motionless state us = ' (ps,0)
We thus rewrite

and will investigate the large time behavior of solutions around wu.
(2.1.1)-(2.1.2) into the following equations for the perturbation
06 + vydivw = f°(¢, w),
dyw — vdivD(w) — v'Vdivw +vV¢ = f(o, w).

Here u = (¢, w) with ¢ = pi*(p — ps) and w = %'v denotes the perturbation of u, =

T(p«,0); v,/ 7 are parameters given by

p p
v = Vi="— 7=VP(p):

B E’ P
and f(¢,w) = T(f°(¢,w), f(¢, w)) denotes the nonlinear terms:

F2(¢,w) = —ydiv(gw),
P Vo

{vdivD(w) + V/'Vdivw} + 1o

F(6.w) = —yw -V — -

L) Gy P G0 4)68
2’7(1+¢)v(¢) 27(1+¢)V(p (9)¢”),

where

PP (¢) = /0 1(1 — 0)%p" (p.(1+ 06))do.

The boundary condition (2.1.3) and initial condition (2.1.4) are transformed into

w - nlpg, =0, D(w) -n— (D(w)n - n)n|am =0, (2.1.7)
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and
u|t:0 = Uy = T(qb(]?w()). (218)
Here g satisfies ug(x) — 0 as |z| — oo.

In this chapter we show that the solution u(¢) of (1.1.7)-(1.1.8) under the slip boundary
condition (1.1.9) with (1.1.10) behaves like a superposition of one-dimensional nonlinear
diffusion waves and a diffusive rigid rotation as ¢ — oo. More precisely, we prove that,
under appropriate conditions for ug, the solution u(t) satisfies

108 (1 — fyay — Kk a_ — Kuglug) ()| 200 < C(L+ 17272, k=01, (2.1.9)
where a4 = %T(l, +1,0,0) and Ky = ky(x1,t) are the nonlinear diffusion waves given by
ky(x1,t) = Zy(z1 £ 91, 1), (2.1.10)
Here Z. = Z.(x1,t) are the self-similar solutions of the Burgers equations
0 Zs — 2 ; ”/aglzi F 0, (Z2) =0 (2.1.11)
satisfying
/RZi(:Ul,t)d:cl _ %/Q (do(x) £ (1 + do(a))uwh(z))de (2.1.12)
for some constant ¢ € R; and f
rig = (0, Qrig), @rig = %2 % (0, —a3, x5), (2.1.13)
Fovig (21, 1) = w07rig(47wt)_%e_%i (2.1.14)

with woyig = fm wy - arigdr. We note that, in addition to the wave propagation part
Kia4+rK_a_, the diffusive rigid motion part x,iza.ie also appears in the asymptotic leading
part of the solution in the case of the cylinder. We also note that the diffusive rigid
motion part Kgarig gives the incompressible part of the asymptotic leading part of u since
div(kiig@ig) = 0. It should be remarked that the global existence with exponential decay
estimate was shown by Shibata and Murata [32] for the problem on a bounded domain
under the slip boundary condition (1.1.9), provided that initial data are sufficiently small,
and, in addition, orthogonal to rigid motions when the domain is rotationally symmetric.
The method in [32] was mainly based on the maximal regularity approach. We also
mention the work [22] by Kobayashi and Zajaczkowski, where the global existence on a
bounded domain was proved based on the energy method.

This chapter is organized as follows. In Section 2 we introduce notations and rewrite
the problem in a non-dimensional form. In Section 3 we state the main results of this
chapter. In Section 4 we study the spectral properties of the linearized operator and
derive a Korn type inequality. In Section 5 we rewrite the problem (1.1.7)-(1.1.10) into a
problem for a system of equations for the low and high frequency parts and introduce the
momentum formulation for the low frequency part. Section 6 is devoted to estimating the
low frequency part, while the high frequency part is estimated in Section 7. In Section 8,
we give necessary estimates for the nonlinearities. In Section 9 we study the asymptotic
behavior of the solution of (1.1.7)-(1.1.10).

45



2.2 Preliminaries

In this section we first introduce notations which will be used throughout the chapter.
We then rewrite the problem into a non-dimensional form.

2.2.1 Notation

For 1 < p < oo we denote by LP(E) the usual Lebesgue space on a domain E of R" and
its norm is denoted by || - ||z»(). Let m be a nonnegative integer. The symbol H™(E)
denotes the m-th order L*-Sobolev space on E with norm || - || g g).

We simply denote by LP(E) (resp., H™(FE)) the set of all vector fields w = T (w?!, -+ w")
on E with w? € LP(E) (resp, H™(E)), j = 1,--+ ,n, and its norm is also denoted by

|- 2oy (resp., || - | m(my). For u="(¢,w) with ¢ € H*(E) and w = "(w', - ,w") €
H™(E), we define [[ullgnmyxmmzy by |ullmemyxmm@ = 16llar@ + llwllme@). When
k =m, we simply write ||u|| grg)xmr gy = |0l grem)-

Partial derivatives of a function v in z, z1,2" and t are denoted by 0,v, 0,,v, d,v and
Opw. We also write the higher order partial derivatives of v in z as Lv = (9%v; |a| = 1).

In Section 4 we will consider the complex-valued functions. We set 2 := ;. In the
case where F = Q) we abbreviate LP(Q2) (resp., H™(Q2)) as L? (resp., H™). In particular,
the norm || - ||r) = || - || z» is denoted by || - ||,. We denote the inner product of L*(2) by

(MFAMﬁm%ﬁ%ﬁ@

Here g denotes the complex conjugate of g.
We set D := D;. The inner product of L?(D) is denoted by

(. 9) 220 = /D f@)g@)da!,  f.g € I3(D).

We also define a weighted inner product (f, g) by

1 1 N g
umzmummzﬁémwmm

where |D| = [, da’. For f € L'(D) we denote the mean value of f over D by (f) :
1
(fy=_{1= W/Dfdﬂfl-

For a € R, we denote by L! = L!(Q) the weighted L' space with weight (1 + |z1])%,
and its norm is denoted by

1 fllzy = /Q(l + |21 )] f (z)|dz.
We denote the Fourier transform of f = f(x;) (z; € R) by f or F[f] :

£(6) = FIAE) = /R fa)e-Edn, € €R.
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The inverse Fourier transform is denoted by F~!:

FUA(zy) = (2m) ! /Rf(f)eigxldf, 1 € R.

We denote the resolvent set of a closed operator A by p(A) and the spectrum of A by
a(A).
For operators A, B, we denote the commutator of A and B by [A, B] :

[A, Blf = A(Bf) = B(Af).

2.2.2 Non-dimensionalization

In this subsection we rewrite the problem into the one in a non-dimensional form. We
introduce the following non-dimensional variables:

- 1
T, t:zt ﬁzﬁa v = v, ﬁ:_2p7

1
0 P ot P+

v = VD (ps).
The problem (1.1.1)-(1.1.2) is then transformed into the following non-dimensional
problem on 2 =R x D :

~|

T =

where

0:p + divs(50) = 0,
P00 + v - V30) — vdivz (Dz(0)) — /' Vidivzo + Vip(p) = 0. (2.2.2)
Here v and v/ are non-dimensional parameters given by

/

DU R
Pyl Pyl

The boundary condition (1.1.5) and initial condition (1.1.6) are transformed into
b floo =0, D(®) 7 — (D(®)f - R)ijsg =0, (2.2.3)

and
(P, 0)|t=0 = (po, Vo). (2.2.4)

In what follows, for simplicity, we omit the tildes of #,%, 5, and p and write them as
x,t, p,v and p, respectively. Observe that, due to the non-dimensionalization, we have

D = {2 = (29, 23); 25 + 73 < 1}, |D]:/dx':7r,
D

and thus



The perturbation equations for the non-dimensionalized problem (2.2.1)-(2.2.2) is
given by

O + divw = f°(¢, w),
dyw — vdivD(w) — v'Vdivw + Vo = f(¢, w).

Here u = " (¢, w) with ¢ = p — 1 and w = v denotes the non-dimensional perturbation,
and f(¢,w) = T(f°(¢, w), f(¢, w)) denotes the non-dimensional nonlinear terms:

fo(¢7 w) = _div(¢w)>
¢

flo,w)=—w-Vw — T qb{udiVD('w) + V' Vdivw} + qub
— p//(1> 2 . ; (3) 3
21+ ¢)V(¢ ) 2(1 + ¢)V(p ()0°),

where

p®(9) = /01(1 —0)p" (1 + 09)do.
The non-dimensional form of the boundary and initial conditions are
w-nlpg =0, D(w) - n— (D(w)n- n)n!aQ =0, (2.2.7)
with m = 7(0,n'), n' = "(z,23), and

Uli—g = up = T(¢07’wo)- (2.2.8)

Here ug satisfies ug(z) — 0 as || — oo.

2.3 Main results of Chapter 2

In this section we state the main results of this chapter. We begin with the global existence
result. We set

H? = H2(Q) = {w € H*(Q)*;w - n|sgq = 0,D(w) - n — (D(w)n - n)n’aQ = 0}.

Theorem 2.3.1. There exists a positive constant gy such that if ug = T (¢, wo) € (H? x
H2)N (L' x LYY and ||uo||g2nrr < €0, then problem (1.1.7)-(1.1.10) has a unique global
solution

u(t) = T(p(t), w(t)) € C ([0, 00); H? x H?)
and u(t) satisfies
105 u(t)ll2 < C(1+ )1 ||uo|| e (2.3.1)

fort >0, k=0,1.
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We next consider the asymptotic behavior of solutions.

Theorem 2.3.2. In addition to the assumption of Theorem 2.3.1, assume that ug €

L%/Q X L%/Q. Then

_1_k
108 (= x 10y — X b — Xoighrig) ()[]2 < C(1+)7272, k=0, 1. (2.3.2)

Here by = 37(1,+1,0,0); x+ = xa(x1,t) are the diffusion waves given by x4(x1,t) =

ze(xy £ t,t) with z4(x1,t) = Z(lxy, 515) and Xyig 1s the diffusive rigid rotation given by
Xrig (%1, 1) = Kyig(lx1, %t), where Zy and kg are defined in (2.1.10)-(2.1.12) and (2.1.13)-
(2.1.14), respectively.

The proof of Theorem 2.3.1 will be given in Sections 2.4-2.8, and Theorem 2.3.2 will
be proved in Section 2.9.

2.4 Spectral properties of the linearized operator

In this section we investigate the spectral properties of the linearized operators and give
a Korn type inequality, which will be used in the proof Theorem 2.3.1.
We consider the linearized equation

du+Lu=0, wuj_,=mu = T (o, wp), (2.4.1)

where u = " (¢, w) and L is an operator on L? x L? of the form

I 0 div
-\ V —udivD(:) — v/'Vdiv

with domain D(L) = H' x H? Tt was shown in [28] that —L generates an analytic
semigroup e ** on L? x L2.

To investigate the spectrum of L, we consider the Fourier transform of (2.4.1) in
variable, which take the form

O + it + V' -w' =0, (2.4.2)
O + (&% — Ayi' —i(v + V)E(ikd" + V' - ') + i) = 0, (2.4.3)
O’ + v(&d — V' - D) =/ V'V - —i(v+ )V + Ve =01 (24.4)

Here V! = T(04,,0.,), A = 92, + 02,; and D’(w’) is the 2 x 2 matrix with (j, k)-

components D'(w’); , = 8xjwk + O, w?, § k=2,3, and 0’ = (0,0).
We thus arrive at the following problem

Oyl + Leti = 0, Gify—o = g (2.4.5)
with a parameter ¢ € R. Here L is an operator on X := H'(D) x L*(D)? of the form
) 0 3 v
Le= | i€ (Qu+v)& —vA —i(v+ )TV
\vi —Zf(V + V/)V/ V(§2 . v DI()) _ VV/TV/
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with domain D(L¢) = HY(D) x H2(D), where

H2(D) = {'w = T(w',w') € H*(D)?;

/ /
:0, w -n|aD:O,

on’ lap
D'(w') - n' — (D'(w')n’ - n')n'|,, = 0'}.

It was shown in [28] that — Ly = —ﬁg\ ¢=0 generates an analytic semigroup. Since

[(Le — LO)“HHl(D)xL?(D) < C|§|(1 + |§|)||U||L2(D)xH1(D)7

one can see from a standard perturbation argument that —[A/g generates an analytic semi-
group for any fixed ¢ € R. It follows that et = F~le~tle F.

To investigate the spectral properties of —IA@, we introduce the following notations.
For u = "(¢,w), w = "(w!,w'), we define [lyu, Il;u and Il;,u by

o= ().
(i) me ()

0
igu = < IL;,w ) , Thigw = (w, brig) by,

0 —X3
brig = < bi‘lg ) ) bi"lg \/_< To ) .

Note that (brig, brig) = (bl byy,) = 1 and that II; (j = 0, 1,rig) are projections satisfying

where

IL,IT, = 0 (j # k). We also define the projection Hrlg by
Hilg <'l.U ) bi"1g>b/rlg

By a direct computation, one can verify the following lemma.
Lemma 2.4.1. (i) For any { € R, — fjg has the following eigenvalues
2v —l— v

Ax(€) = - &5 J 2w+ V)2t — 4e,
Arig (§) = —V52-
(i) Let f[i(ﬁ) be the projection operator given by
. 1 FA=(8) +ig o
IL.(§) = NGESNG 2%2/5 i)\g/(f) TOO// (Ilo + I1y)

for{#iﬁ, where
, (00
o-(53)
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and let ﬂrig(f) be the projection operator given by

A

1_Irig (é) = Hrig

for £ € R. Then for j, k = +, rig,

I5(6)? =TL(8), TH(EIE) =0 (j #k)

and ) R o )
—TL(§) Le € = Lell; () = A (T (E).
(iii) If €| < 52—, then

2u+v'?

MO =3 @, Redule) =21

52
Furthermore there exists a positive constant Ry such that

Im As(€) = +i(€ + A(€)),
M. (€) = g 4 ML (€)

for || < Ry, where

1 +1 0
Hi,O = = +1 1 TO/ (HO + Hl);
o o o

XE) and T14(€) satisfy . .
MO < CLelP, Tl < Cle|

uniformly for || < Ry. Here ||I1(€)| denotes the matriz norm of L (€).

Let F' be a smooth function on [0, 7] with values in X, and let uy be in X. Then wu(¢)
defined by

~ t A
u(t) = e ey —I—/ e~ =9 f(5)ds
0
is a unique solution of R
Owu+ Leu=F,  uli—g = uo. (2.4.6)

We decompose (2.4.6) into I1;(§) (j = =,rig) and I — (II4 + II_ + TLi,) (&) parts;
applying these projections to (2.4.6), we have

(9tuj — /\J(g)u] = F}', uj|t:0 = u(],j7 ] = :l:, I'ig, (247)
it + Le = F, i)y—o = g
Here X X )
wi(t) = I (Qu(t), Fy(t) = () F(), oy = (€)uo, j = +, vig;
and



and so on. It then follows from (2.4.7) that

t
ws(t) = M Oyq . + / HO0-5) 7 (5)ds,
0

~

H]’ (£)e*tiﬁu0 = 6)\j(£)tﬂj (5)160

By Lemma 2.4.1, we deduce that for any nonnegative integers k and [,

21/+u/ §2

~ 2 k
1€ML (§)e P ug | 2y < Cru(1+1)"2e™ *

ol L p) (2.4.9)

uniformly in || < Ry and ¢ > 0, and
Hgkailnrigeitl:guoHLQ(D) < Cra(1+ t)fgefigt”UOHLl(D)

uniformly in [{] < R; and ¢t > 0, where R; is an arbitrarily fixed positive constant.
We next introduce a projection on a low frequency (slowly decaying) part. For a given
positive number R, let 1z be a function on R given by

1 ¢ <R),
lR@_{o (€] > R).

We define P, by

A A

Py = F g, (&) (T (&) + 11(€)) + 1, ()Iig] F, (2.4.10)

where Ry is the positive constant given in Lemma 2.4.1 and R, is a positive constant to
be determined later. We also set
Po=1-P. (2.4.11)

It then follows that P, is a bounded projection on H* x H* for all k, and that P, satisfies
3331P1 - Plﬁxl,
[Prul e < Crllullz, (2.4.12)

and
Ple—tL — e_tL.Pl

—F1 [1R0 (€) (6/\+(£)tﬂ+(£> + MO (5)) +1p, (g)ekrig(ﬁ)tnrig} 7

By (2.4.9), a standard argument shows that the Pj-part of e7*¥ has the following decay
properties.

Lemma 2.4.2. For any nonnegative integers k and 1, Pie 't = e 'L P, satisfies the
estimate

105, 8 Pre™ gl < C(1+ )12 Jugl, (2.4.13)
uniformly for t > 0 and ug € (L* x L*) N (L' x L1).
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We next investigate the asymptotic behavior of e L' Py as t — oo. We define S(t), S+(t)

and Syg(t) by

Si(t) =F! ( )ﬁ j ==+, rig,
A 1 _2v y 2

Si(t) — 5 + I3 t:i:zﬁtH

S’rig(t) - _Vggtnrlg

We then see that S(t) gives the asymptotic leading part of e £ P, in the following sense.

Lemma 2.4.3. Let k = 0,1. The following estimates hold uniformly fort > 0 :

(1) 110%,S2(8)Pruglle < C(1+ )32 |lug|s,

105, S (DI = Puollo < C{t=2e™ 5 fuglo + (1 +) 7572 fluoll1 },

(i1) [|0% Suig(t)Prugll2 < C(1 + t)_i_gﬂuo\h;
v p2
0% Seig(t)(I — Pr)uglla < Ct™2e™ 2 i |ugl|s,

(iii) (0% (e7X — S(t)) Pruglls < C(1 +1)"33 3 ||

Proof. The first inequality of (i) can be obtained in a standard manner.
second one, since 114 (&) = Iy o + 1L (£), we see that

Iyo(l — P)=F "ol —1g,) + 1p, (I — I, (¢) — ﬂ—(é))}

- F! [(1 —1p )i — 1RUHi,o(ﬁ+(f) + ﬁ—(f))}

It then follows from Lemma 2.4.1 (iii) that

107, S=(#)(T = Pr)uoll3

< C{t " e

S C {/ |€|2k6—(2y+ul)f2t||a0||%2(D)d§
1€]1>Ro

+/ |€|2<k+1)6_(2u+w)£2t”ﬁ0“%1(D)d€}
I§]<Ro

_ 2u+ul 2
>R,

lao 13 + (14 €)7o 17},

which is the desired inequality.
The inequalities in (ii) can be obtained similarly to those in (i). As for (iii), we see
from Lemma 2.4.1 (iii) that

le

MO _ (RO | (RO (RO _ 1)

2 ’
1/-29—11 EQt

< Cl¢f’te”
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for [£] < Ry. We thus obtain

—(2u+v')€2 °
e td&) ol
<Ro

||8§1 (e—tL _ S(t))Plu()Hg <C (/
13
3_k

< CA+t)7 42 ol
This completes the proof. O

Remark 2.4.4. Let us consider the inhomogeneous problem
Ou+ Lu=F, uli—o = uo, (2.4.14)
where F=T(f° ), f="T(f', f). Let u1(t) = Piu(t). Applying P, to (2.4.14), we have
Owuy + Luy = PoF,  uqi|i—o = Piuy. (2.4.15)
Since T, (€) + _(&) = Iy + I1y, we see that Py is written as
Py = F 1gy (o + 1o ()1 + L, (§) yig) F.

It then follows that _
uy (t) = o (t)bo + o (t)by + "8 ()byg,

where

bo="(1,0,0"), b = "(0,1,0,
UO = f71[1R0<(5>]7 Ul :./_"71[130<’Lf)1>]7 arig :F71[131<w by; >]

) Yrig

The problem (2.4.15) is then written as

81500 + 83610.1 = f_l[lRo <f0>]7

ol — (2v + 1/’)8310 + Oy, 00 = [lRo<f NE

8tgrig - Vaglo’rig =F" []'Rl <f, r1g>]

%0 = F Y Lry(do)], 0 limo = F 1R, (W})], 078 = F~1[1g, (wh, bls,)].

(2.4.16)

where ug = ' (¢o, wp), wy = ' (wi, w}). Therefore, "(a°, 1) is a solution of linearized

one-dimensional compressible Navier-Stokes equations on R, and 0% is a solution of a
linear one-dimensional heat equation on R.

As for the P,.-part we will use the following Poincaré’s and Korn type inequalities.

Lemma 2.4.5. If the constant Ry in the definition of Py is taken suitably large, then the
following estimates

12l < ClIVoll,
[wlly < CifIVwll; < G| D(w)],

hold for u = " (¢,w) = Pyu with w - n|sq = 0.
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To prove Lemma 2.4.5, we prepare the following Korn’s inequality.

Lemma 2.4.6. There holds the estimate

IVwll, < C{ID(w)ll, + [T, w']l,} (2.4.17)
for w = T(w',w') € HY() with w - n|sq = 0.

Proof. We first assume that IT;;,w'(zy,-) = 0 for a.e. 1. By the definition of D(w), we
have

D)} = (D(w). D(w))
3 3
:22/|8xjwk|2dx+2Re Z/axjwkmdx. (2.4.18)
jh=1 k=179

As for the second term on the right-hand side, since w - n|gg = 0, we see, by integration
by parts, that

3
Z /8ijk8kajdx
0"

Jk=1

3
:Z/@mlwk&rkwldx+ Z /@jwl&xlwﬂ'dx
i /o Q

=23 (2.4.19)

+> > /Q 0y, w* 0y, widz

=23 k=23
:/divw &rlwldx—l—/&clle’-w’d:c—l—/[(w’,w’)(a:l)dxl,
Q Q R
where
I(w}, wy) = Z Z / 8xjw'f8mkw%dx’, w, = "T(w, wd), m=1,2.
j=2,3 k=237 D

Since, IT;;,w’(z1,-) = 0, according to the proof of [34, Lemma 4], one can show that

for any § > 0 there exists a positive constant Cs such that

Re I(w', w')(z1) > V" w' (21, ) 72(p) — O V'w(1, )72 )

(2.4.20)
— G5 D' (w' (21, )| 22(p)-
This, together with (2.4.19), gives
3 —
Re » / Oy, wkd, wide > ||divaw||3 — 5| V'w'||2 — Cs|| D' (w')|I2. (2.4.21)
k=17

It then follows from (2.4.18) and (2.4.21) that

ID(w)I3 = 2 Vw3 + 2| divew]f; — 28] V'w'||3 — 2C5|[ D’ (w) 3. (2.4.22)
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Taking 6 = %, we have
IVewl)3 + [[divew|f; < [D(w)]); + 2C|ID'(w")|[; < CD(w)]3. (2.4.23)

This shows the desired inequality for w satisfying w - n|sq = 0 and ITj,,w'(z,,-) = 0 for
a.e. Ty.
For general w with w - n|gq = 0, we decompose w’ in (2.4.20) as

w =v +1II, w

rlg

(2.4.24)

where v/ = (I — I, )w’. Then IT/,,v’ = 0 and

rig rig

Iw' w') =10, v)+ (v, II,w)+ I(IT,w', v') + I(II,,w' II,,w").

rlg rig rig rlg
Since V'- (I, w’) = 0 and D'(ITj;,w’) = O', we have V'-v' = V"-w’ and D’(v') = D’(w').
Then, applying (2.4.20) with w’ replaced by v’, we have

Re I(v',v') > ||V ¥'|[L2(p) = OlIV'V|Z2(p) — CslID' (V') [|72p)
= |V"-w'|[72p) = S V'V [[72(p) — C5lID' (@) |12
> ||V"- w/||2L2(D) - 5||V/’w,||%2(D) - C(;||Hrigw’||%2(D)

— G5 |ID" (w") 122y
Furthermore,
[I(v', I w') + I(IL,w', v)| < 6]V |12y + Cs || Thiw' |22
< 5HV/“’/”L2 + O5HHr1gw/H%2(D)v
[I(IL ', I, w')| < O[T,

Therefore, instead of (2.4.20), we obtain
Re I(w',w')(21) 2 |V w'(21,)l[72(p) — 20/ VW' (1, ) |12
= Cs|ID'(w' (21, )2y — Csl ML’ (21, ) l[72p)
This, together with (2.4.19), then gives

Re Z/@ Wk, wide

3,k=1

> |[dive|3 — 20[|V'w'[)5 — C5|| D' (w")[[3 — Cs||TL; w13,

and hence
ID(w)|)3 = 2[|Vawlf3 + 2[|dive]|3 — 45]|V"w'[|3
— 2C5|| D' (w') |3 — 2G5 | T, w'[[3.
Taking 0 = i, we obtain the desired inequality. This completes the proof. O
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We now give a proof of Lemma 2.4.5.

Proof of Lemma 2.4.5. Let u = '(¢,w) satisfy u = Pyu. Since I, (€) + I1_(§) =
IIy + II;, we see that

0 =F o —1r,(9)] = F (1 = 1)) + Ly (& — (9))]. (24.25)
wh = F i = 1gy ()] = F (1= L )" + 1, (' — (') (2.4.26)
By the Poincaré’s inequality, we have
1F ! [1ry (& = (@))]ll2 < CIV'll5 < OVl (2.4.27)
Since
1—1g, (&) =
nl®) {1 (€] > Ro)
we have
~ A C . - V2rC C
17710 = 1r)elll: < -l1€0ll = =108l < -Vl (2.4.28)
0 0 0
We thus obtain
18]I, < Cl[Vl,. (2.4.29)
Similarly we have
lw']l, < ClIVw',. (2.4.30)

We next show that ||[Vwl, < C||D(w)]|, if By > 0 is taken suitably large. We first
observe that

w = ./_"71[(] — ]-ROHI — 1R1Hrig)w]
=F (An,(I = (Th + TLig)) + (I — 1g,) + (1r, — 1g,)(I — Thg))ad)]
=: wi + wy + ws.
As for wy, since I, w) = 0" (j = 1,3), we see from Lemma 2.4.6 that
[Vuwyll, < CID(w)ly: = 1.3 (2.431)

Lemma 2.4.6 also shows that

[V, < CEID(wy)ll; + [[Th;wsl|, }

rig

< C{IID(wa)ll; + [lwsll}

1 /
< C{|ID (w2l + R—1||3x1w2||2}-

Set Ry = max{Ry, 55}. Then

[Vaws|l; < 2C(|D(ws)]],.
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We thus obtain
[Vw|ly < [[Vwr|ly + [|[Vws|ly + [Vws|,
< C{IID(w1)][; + [[D(w2)[ly + [ID(ws)||5}-

Noting that supp w; C {|{] < Ry}, supp we C {|{| > Ry} and supp w3 C {Ry < |£] <
Ry}, we see that

27| D(w)]f; = Z ID(w@;)[15 + 2Re (D(w1), D(w2))

+ 2Re (f)(’li)z), f)(ws)) + 2Re (f)(’ti?:’,), f)("i’l))

Therefore, we have

Vwlly < ClD(w)]l,. (2.4.32)

We finally prove that ||wl|, < C||Vwl]|,. In view of (2.4.30), it suffices to prove that
[w'lly < Cl[V'w'|[,. But, since w’-n’|op = 0, we have [[w'(z1, )| 12 py < ClIV'W (21, )| 2 ()
which gives the desired estimate. This completes the proof. a

Hereafter we fix the constant R; in the definition of P; so that Lemma 2.4.5 holds
true.

2.5 Reformulation of problem

In this section we reformulate the problem. The problem (2.2.5)-(2.2.8) is written as
{@u + Lu = F(u),

(2.5.1)
u’t:() = Ug.

Here u = T(¢,w) € D(L) and F(u) = T(f(6,w), £(6,w)).
One can prove the local solvability for (2.5.1) as in [14]. See also [28].

Proposition 2.5.1. Assume that ug = " (¢o, wo) € H? x H? and ||¢ollcc < 5. Then there
exists a positive number Ty depending on ||ug|| g2 such that the problem (2.5.1) has a unique
solution u = (¢, w) on [0, Ty| satisfying u € C([0,Ty]; H*> x H2)NC([0, Tp]; L* x L?) with
w € NI_ HI(0,To; H*=) and ||go(t)]|cc < 2 fort € [0,Ty]. Furthermore, the inequality

To
ts[lolg]{HU(t)llm + [[Gru(t)[2} +/ [wlfFsdt < C{1+ [luollF2}7[|uoll % (2.5.2)
€10,10 0

holds with some positive constants C' and 5.
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The global existence of u(t) follows in a standard manner from Proposition 2.5.1 and
the a priori bound ||u(t)||gz < C||lugl|g2nr: for ug sufficiently small in H?> N L. The a
priori bound will be given in Proposition 2.5.7 below.

To solve the problem (2.5.1), we decompose (2.5.1) into a problem for a low frequency
part uy(t) of u(t) and a one for a high frequency part us(t) of u(t).

We decompose u = (¢, w) into

U =u + Uco,
where

u1:P1u:T(¢1,w1), wlzT(wiawll)a

Uoo = Poott = (oo, Woo), Woo = ' (wh, w’).
By applying the operators P; and P, to (2.5.1), we obtain the following proposition.

Proposition 2.5.2. Let T be a given positive number and let u(t) be a solution of
(2.5.1) on [0,T]. Assume that u € C([0,T); H*> x H?) N CY([0,T); L* x L?) with w €
Nj—oH’(0,T; H>~%7). Then
up = (¢, w1) € C*([0,T); H x [H' N HY))
forl=0,1,2,---, and
oo = (6o ) € C(0, T); H2 x H2) 0 CV([0,T; L* x L?)

with ws € N;_oH’(0,T; H>~%7).
Furthermore, u; and us satisfy

up = e o Py + /t Pre~tDLoy (u(7))d, (2.5.3)
Oilloe + Lty = Fooé]u), Uso|t=0 = Paollo. (2.5.4)
Here Fi(u) = PLF(u1 + tso), Foo(tu) = Poo F(ug + Uso)-
We define M (t) > 0 by
M(t) = Mi(t) + Mo(t) (t €[0,17), (2.5.5)

where M (t) and M. (t) are defined by

M, (t) = sup {Zu 1) T3]0 g (1) [y + (1 + T>i||atu1<7>u2} ,

o<r<t | 155

Meo(t) = ( sup (14 7% {[luoo(r) s + ||atuoo<f>||§})2 .

0<r<t
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By the definition of P;, we see that

Pru = F~ 15, (0)]bo + F L, (0")]br + F ' [, (W, bl )b,

) Yrig

~

and F g, (@)], F ' [1g,(w'")] and F~1[1g, (w’, b,)] are functions of x; only. Therefore,

) Yrig

by the Gagliardo-Nirenberg-Sobolev inequality, we have
1 1 1
[ur ()]l < Cllus ()13 1|0, ua (B)]|3 < C(1+1)72 My(t).
As for uq(t), we have
oo (B)l|oe < Cllte(t)]| 2 < C(1+1)75 Muc(8).
We also introduce the quantities () and Du(t) for tse(t) = T (¢oo(t), weo(t)) :

Eso(t) = llue(t) 172 + [10uso (£)]12
Doo(t) = [IVoss ()7 + [ Vwee (6) 172 + [10suce (8) 1771

Theorem 2.3.1 is an immediate consequence of the following proposition.
Proposition 2.5.3. If ||uo|| g2nrr is sufficiently small, then
M(t) < Clluol| gonpr- (2.5.6)

To prove Proposition 2.5.3, we reformulate (2.5.3)-(2.5.4) as follows. We will make use
of a momentum formulation for the low frequency part which is useful to derive the decay
estimate. Let u = uy + oo, where u; and uy satisfy (2.5.3)-(2.5.4). Then, u satisfies
(2.2.5)-(2.2.8). If we write u as u = ' (¢, w), then ¢ and w satisfy

8t¢ + divw = go<¢7 ’LU),
Oyw — vdivD(w) — V'Vdivw + V¢ = g(¢, w),

where
(6. w) = ~div(ow),
9(¢,w) = —pdw — (1+ d)w - Vw — (Vp(p) — Vo)
= ot — (1 + 0)w - Vo — L IT() - L9 (00 (0)67).
Here

PP () = /0 (1—0)%p" (1 + 0¢)df.

From the system (2.5.7)-(2.5.8) we derive a momentum formulation for the low fre-
quency part. As in [36], we introduce a dimensionless momentum m:

m = (1+ ¢)w, (2.5.9)
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and define its low-frequency part m; by
m; = w; + P (ow), (2.5.10)
where w = w; + w, and the operator P; is defined by
Piw =F ' (1,11 + 1, IL;,w).

Note that P; is a bounded projection from L? to H* for any nonnegative integer k and it
holds that 0,, P = P,0,, and

[Prw]| e < Cllw]l,. (2.5.11)

Before proceeding further, we show that w; is uniquely determined by m, ¢ and wq,
through the relation (2.5.10), i.e.,

w; =my — Py (¢(w; +wy)). (2.5.12)

Lemma 2.5.4. There exists a positive constant oy such that the following assertion holds
true. Let

m; € Cl([O,T];L2)’ Woo € Q;ZOCJ([O’T]; H2*2j>7 ¢ c m}:00j<[0,T]; H2f2j>‘

If Dl oy + 110l cqoryzy < o, then there uniquely exists wy € C([0,T]; L?) that
satisfies (2.5.12).
Furthermore, there hold the estimates

lwilleqorizey < C (Imalleqorinz + Iolcwomim lwsleqorine) . (2.5.13)
| Oswr || 0,11 22)
< C(l0mllcqoryay + 10l oo 122 1Wsoll oo 7.22) (2.5.14)

+6lleqoa | Owslleqoryc).
where C' is a positive constant independent of T

Proof. We first observe that, by the Sobolev inequality and (2.5.11),
[willoe < Cllws ]| g2 = CllPrws || g2 < Cllws 5.

Let ||¢||co,m;m2) + 10:@ll o2y < do- We set I'(wy) = my — P, (¢(w1 +'woo)). We claim
that T is a map on C*([0, T|; L?). In fact, by the Sobolev inequality and (2.5.11), we have

1T (w1)l[co,r322)
< Hml”C([o,T];L2) + Cllgp(wy + wOO)HC([OvT];LQ)

<C {HmlHC([O,T];L2) + |‘¢‘|C([0,T};L°°)|’w1 + wOOHC([O,T];LQ)} (2515)

< C{HmlHC([O,T];L2) + ||¢||C([O,T};H2)(leHC([O,T};LQ) + ||wf><>||C([0,T];L2))} )
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and

Hatr(wl)HC([o,T};L?)
< l0malicqo,re + Clldid(wr + weo)ll oo, r2)
+ Cllo(Qwr + Owoo)ll oo, 17:12)

< C{HatmlHC([O,T];m) + C||at¢||0([0,T];L2)(leHC([O,T};LW) + HwOOHC([O,T];LOO))

+ Cll ol ooz 10w [l e o2 + ||at’woo||c*([o,T];L2))} (2.5.16)
< C{”atmlHC([O,T];LQ) + Hat¢HC([O,T];L2)(le”C([O,T];LQ) + HwOOHC([O,T};H2))

+ H¢H0([O,T};H2)(||atw1||0([o,T];L2) + HatwOOHC([O,T];L2))}'

Therefore, I' is a map on C*([0, T); L?).
We next show that I' is a contraction map. By the Sobolev inequality and (2.5.11),
we have

1 2 1 2
IT(w") = T(w?)|corez) < Cllolleorelwt” — w |l core
1 2
< C||¢Hc<[o,T];H2)Hw§ ) — w! )HO([O,T];B)’
and

Hat [F('wgl)) — F(’w?))} HC([O,T]§L2)

s C{ lollogoryz 10w — Bl ogory2)
+ 06l cqoas lwi” — w§2)\|0({0,T];L°°)}
< C{ldlloqoryaz) + 10:dlloqoryse } 1wt —w [lerqory; 2.
We thus obtain
1T = D) losgoryz) < Cdollwt” = willer oz,

Therefore, if §p > 0 is sufficiently small, then I" is a contraction. By the contraction
mapping principle, we thus see that there exists a unique w; € C([0,T]; L?) such that
w; = ['(w;). This shows the unique existence of w, satisfying (2.5.12). The estimates
(2.5.13) and (2.5.14) now follow from (2.5.15) and (2.5.16). This completes the proof.

O

Remark 2.5.5. We see from (2.5.11) that wy in Lemma 2.5.4 satisfies wy, € C([0,T]; H*)
for any k and
lwll e o,y < Crllwillongoryre)- (2.5.17)

By (2.5.7), we have

(1+¢)w - Vw =div((1 + ¢)w @ w) — wdiv((1 + ¢)w)

=div((1 + ¢)w @ w) + wd,¢. (2:5.18)
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Therefore, applying the operator P; to (2.5.7)-(2.5.8), we obtain
8tgz51 —+ div my, = 0,

and
P, (0yw — vdivD(w) — v'Vdivw) + V¢,
= Py~ ¢0w — (1 + d)w - Vw — Z21V(0°) — 5V (10 (0)0"))
= P (— ¢dw — div((1 + ¢)w ® w) + wdiv((1 + ¢)w)
— V(%) — V(0 (9)6%)
= P,(— ¢dw — div((1 + ¢)w @ w) — wd,¢ — LV (6?) — 1V (P (9)¢%))
= Pi( - 0(¢w) — div((1 + p)w ® w)) + P~ 5EV (&%) — 3V () (9)6")).
The latter equation is written as
P (0,((1 + ¢)w) — vdivD(w) — /Vdivw) + V¢
= —Pi(div((1 + p)w ® w)) + Pi( = 52 V(%) — V(0¥ (9)0")).
We thus obtain

8tq§1 + div mq = 0, (2519)
dymy — vdiv D(my) — V'Vdiv my + V¢
= —vdivD(P;(¢pw)) — V/'Vdiv P (pw) (2.5.20)

— P (div((1+ ¢)w @ w) — LOV($?) — 1v(p® (4)6?)).

Setting
Uy, = (¢, M), (2.5.21)

we arrive at

m = w; + P1(¢W)7 (2522)

Ot + Luy, = PGy (u) + PiGo(u),
u1*|t:0 = Plu*Oa

where u = (¢, w), w = w; + Wy, and

w0 = (Go,my), My = Wy + Powy,
a _ —div(pw)
) = ( ~div((1 + ¢)w ® w) — ZHUV(¢?) — V() (9)6?) > ’

Go(u) = L ( Pl((;w) ) .

Since I1, (&) + I1_(€) = Iy + II;, we see that
Py (G (u) + Go(u)) = P10,,G(u) + P10y, G (u), (2.5.23)
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where

0
Glu)=—[ (w")?+2Z0e¢ |, (2.5.24)
whw’
i 0
Glu) == ow")? + 3p@(¢)¢* + 2w + 1)y, (o) | . (2.5.25)

ow'w' + v, (pw')
In terms of uy,(¢) and us(t), Proposition 2.5.2 is restated as follows.

Proposition 2.5.6. Let u(t) be a solution of (1.5.1) on [0,T]. Assume thatu € C([0,T]; H*x
HZ2)NCH([0,T); L? x L?) with w € Nj_oH’(0,T; H**). Then
U, = ' (¢1,my) € CY[0,T); H x H)
forl=0,1,2,---, and
Uso = (Goo, Wae) € C([0,T]; H* x HZ)NC([0,T]; L* x L?)
with ws, € Ni_oH’(0,T; H>~%7).

Furthermore, ui, and us, satisfy

t
U1, (t) = e Pluyg +/ e "L P9, (G(u) + G(u))(r)dr, 2.5.26)
0

m; = w; + Pl((bUJ), 2527)

Qoo + Lo = Fio(U),  Uoo|i=0 = Psotlo, 2.5.28)

(
(
(
where u = T(p,w), W = Wy + Wao; U0 = (0, M), My = wo + Gowo; G(u) and
G(u) are the ones given by (2.5.24) and (2.5.25); Foo(u) = PooF(u) = T(f%(u), fro(u)),
Foolu) =0 T(fo (), fio(w))-
We will consider u1.(t) and u(t) to establish suitable a priori estimates.
We define M, (t) > 0 by
M. (t) = My (t) + M (t) (t€]0,T]). (2.5.29)

Here M, (t) is defined by

M,.(t) = sup {i

0<r<t

(1+7) T30 wn(r)|l, + (1 + T>i|ratu1*<f>u2},

[e=]

and M. (t) is defined as before.
We see from Lemma 5.4 (and its proof) that M (t) is equivalent to M, () if ||@|| ¢ (o,q:m2)+
100 (10,522) < do. We also note that, by the Gagliardo-Nirenberg-Sobolev inequality,

[u1s(D)lloe < Cllure ()13 110z, ur« (I3 < C(1+18)72 My (t).

As for M. (t) and M (t), we will prove the following estimates.
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Proposition 2.5.7. Let u(t) be a solution of (1.5.1) on [0, T]. Then there exists a positive
constant €1 such that if ||u(t)||g2 < ey and M, (t) <1 fort € [0,T], the estimates

My (t) < C{|Jucolly + M.(t)*} (2.5.30)
and

t
Eoo(t)—i-/ e~ =D (1)dr
0 (2.5.31)

<C {ethoo(O) (14872 M () + /O t ed(tT)R(T>dT}

hold uniformly fort € [0, T] with a positive constant C' independent of T. Here d = d(v,1)
is a positive constant, and R(t) is a quantity that satisfies

R(t) < C{(1+ )72 M, (t)* + M,(1)Dso(t)}. (2.5.32)

The estimate (2.5.30) will be proved in Section 6, and the estimates (2.5.31) and
(2.5.32) will be proved in Sections 7 and 8, respectively.

From Propositions 1.5.1 and 2.5.7, one can show the following uniform estimate of
M. (t) as in [12].

Proposition 2.5.8. If ||ug|| g2nr1 is sufficiently small, then

Proposition 2.5.3 immediately follows from Proposition 2.5.8.

2.6 Estimates for wu.(?)

In this section, we estimate the low-frequency part ui, = ' (¢1, m1) and prove the estimate
(2.5.30) in Proposition 2.5.7.

As for the nonlinearities, by using (2.4.12), it is not difficult to show the following
estimates.

Lemma 2.6.1. Let k =0,1. Then
|25, 21 (G ) + G) ||, < COL+ 1) 2 M)
1P10:, (Gu) + Gw))[|, < C(L+ ) 1 ML(H*(1

We now give a proof of (2.5.30).

k
2

(1

+ M. (1)), (2.6.1)
+ M. (

t). (2.6.2)

e

Proof of (2.5.30). By (2.5.26) and Lemma 2.4.2, we have
107, . (t)]|2
t
< |10z, ™" Prusoll2 +/ 105, Py, (G(u) + G(w))(7) [l2d7

< O(1+1)7 13 fusols + / 108 e~ DL P, (G (u) + G (u)(7)|ldr

65



for k =0, 1. As for the second term on the right-hand side, we write it as

/0 105, e~V E P, (Gu) + G () (7) || d7

_ ( / / ) 10 Py, (Gu) + C(u)) (1)l ydr

=: I,(t) + Lt

As for I1(t), since 9, P = Pd,,, we write OF e="="7LP9,, = 9kHle "ILP and
applying Lemmas 2.4.2 and 2.6.1 to obtain

ol

k
2

L(t) < c/ (1+t—7) 1 2(1+7) 2drM.(t)2 < O(1 + 1)1 2 M, ()%

As for I5(t), applying Lemmas 2.4.2 and 2.6.1, we have

1

L(t) < 0[(1 bt —7) a5 (147) e ML () < O(1+ )i 2 M, ()2

We thus obtain .
108w (8)]]2 < C(1+ 1) 737 2 {||usolly + M.(2)*} (2.6.3)

for k=0, 1.
Let us estimate the time derivative. By Remark 2.4.4, we have

0 d,, o Lo
Luy, = | 0, —(2v+ V’)@ﬁl To U, 1I'= ( ) )
0’ 0 —vd2 I
This, together with (2.4.12), implies that

| — Luya(t) |2 < CLI10Z, ma(t) |2 + 1|02y e ()]]2}
< O+ ) Hlusolly + M.(t)?}.

Since Oyu1, = —Luy, + P10y, (G’(u) + @(u)), applying Lemma 2.6.1, we have

0pur ()2 < C{IILur () ]|z + [1P(G(u) + G (w)) (#) ]2}

3 (2.6.4)
< C(1+t) 1 {]Jusolln + M.(8)?}.

By (2.6.3) and (2.6.4), we deduce the desired estimate (2.5.30). This completes the proof.
O
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2.7 Estimates for wu.(?)

In this section, we estimate the high-frequency part u, = P, u by using the Matsumura-
Nishida energy method ([27]) and prove estimate (2.5.31) with R () satisfying (2.5.32) in
Proposition 2.5.7.

We define the operator P, by

P,=1-P.

Throughout this section we set vy = min {%V, %V +v } As was shown in [32], since

3
. . 3
[div wool3 < 3 [[0a,wl ][5 < ZIID(’woo)H%, (2.7.1)
j=1
we see that
v 2 o 2 3 2
§|ID(woo)||2 + V[|div e[|z > ZVOHD(woo)Hz' (2.7.2)

In fact, (2.7.2) clearly holds if v/ > 0. If v/ < 0, by (2.7.1)

v ) v 3
SIDC I} + v wal} > (5 + /) DGl

3
= (§V+ I/) D (wso)]|3-

We thus obtain (2.7.2).
To prove (2.5.31), we prepare some basic estimates.

Proposition 2.7.1. Let k and j be nonnegative integers satisfying 0 < 2k + 5 < 2. Then

1d

3V0
2dt

. 3 )
10807, ool + Gexvol| VO 0] wocll3 + =

: 5 1080, 60013 < CRYY, (2.7.3)

o with Cy and Cy being the constants in Lemma 2.4.5,

where cg = o

éoo = a1E(boo +w - v¢ooa
1, . , , A
R = 5 (dive, [0£02, o) — (1070, w] - Voo, 003, 0c)

F(OF01, 12, 0608, 6c) + (01, s 0F0E,w0c) + 0 000, 721
Fo = Flu) = F ' [Lpy(w - Vo)) = (w - V1 + ¢ divw)
+ F g, (w - Vi + ¢ divw)).

Here and in what follows we abbreviate fO(u), fO(u), fso(u) and Fx(u) as fO, O, fo
and F., respectively.
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Proof. Equation (2.5.28) is written as

Oyroe + W - Voo + divawes = f2

[oop)

Oyws — vdivD(wy) — V' Vdiviws, + Voo = foo. (2.7.5)
We compute (97 (2.7.4),07 ¢o) + (02,(2.7.5), 0] ws) to obtain

1d, Vo .
P2V, 2 2o 2 "Naj A; 2
5+ 5108, Dl )02 v

+ (ail ~£O7 ai‘l¢00> + (ailfoo7 ailwoo)

= S (v, 100, 6:c?) = (04, w] - Ve, 02, 60) + (0, 72, 0%, 60)
+ (acjclfoo7 8.‘;11‘000)

(2.7.6)

We set ¢ := 0y + w - Voo From (2.7.4), we have & do, = —divdl wo, + 04 f2, and
hence, by (2.7.1)

187, o3 < 2(||divd, woo |3 + 102, F[13)
3 . o
< §IID(ailwoo)||§ + 2107, £ 115-

We thus obtain

3 . 3 . 3 o
ZVOHafchﬁong < gVoHD(ail’woo)H% + §V0H8§:1fgo”§- (2.7.7)

It then follows from (2.4.17), (2.7.6) and (2.7.7) that

1d . 3 . 3y0 oo 1
§E||3iluoo||g + gCKVoHVail’wooH; + T||ai1¢oo||§ < CR%. (2.7.8)
Replacing 02 by 9;, we also have
1d 3 3y .
5 7 9usel3 + Sl Voawee 13 + =203 < CREY. (2.7.9)
2dt 8 4
This completes the proof. O

Proposition 2.7.2. [t holds that

1d (v ' ‘ 1
2q {QHD(woo)Hi + V| diveve 3 — 2(¢oo,d1vwoo)} + 519w 3

< dlldivwsol3 + lw - Vo3 + [l focllz + 1 Foo 13-

(2.7.10)
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Proof. We compute ((2.7.4), 0;¢0) + ((2.7.5), Oyws,) to obtain

vd vVd o
[0rtios |3 + ZEHD(woo)H% + ggudwwmué

+ {(divavee, O1¢o0) + (Voo Drwos ) }
= ( ~£o7 at¢00) + (fom atwoo) - (w . V¢ooa atgboo)'

Since
(V oo, OWeoo) = —(Poo, Ordivivy,)
_ —%(% divin,e) + (Brbos, divavey),
we have
el + ¥ SID )l + 2 S divans 3 — (6 diven)
= (2, 0hoo) + (Foor Oto0) — 2(Fsros, divavee) — (W - Vepog, Drdoc) (2.7.11)

1 .
< Jl0eclz + Clllw - Voolls + 1 foolz + 1 foc153-

Adding —2(divwee, 0190 ) to both sides of (2.7.11), we obtain

- TP DU
4 dt §E||dlvwoo||2 - a(clﬁoo, divw,,)

, 1 .
< =2(diviwes, Didec) + Zl10rtisolls + Cl|w - Voucllz + | fecllz + 1 Fooll2}

19sttoo 13 + = D (woo) |15 +
1 _ _
< Sl10masl3 + Cllldivewas |5 + [l - Vo3 + 1 Foc 3 + 1 foc 153
which gives the desired estimate. This completes the proof. O

We next establish the interior estimates. Let ( € C*°(D). It follows from (2.7.4) and
(2.7.5) that

0:(Cooe) + W - V(Cooo) + div(Cwee) = g + Weo - VC, (2.7.12)
O (Cwes) — vdivD(Cwes) — V'Vdiv(Cwes) + V((Poo) = Goo, (2.7.13)

where

9% = Cf% + (w - V() oo,
9o = (fooc + y[g, divD]woo + z/[g, Vdiv]woo + P V(.

We introduce (in(2) = G (|2']) € C°(D) satisfying
/ / 3 / / 7
Gn(2) =1 for |2'| < 7 CGn(2) =0 for |2'| > 3
Setting ¢ = (;, in (2.7.12)-(2.7.13), we obtain the following interior estimates.
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Proposition 2.7.3. Let 1 < |a| < 2. Then

1d 3 .
5 2102 Gontoe) 13 + Sercvoll V2 (G I3 + 2221102 (Ginhoe I
(2.7.14)

C
< C{Rg) + Vonoonma\} + 5||¢oo||12q\a\ + €Hwoo||§{|a\+1 + g”wooni(lah

3V0

where

RY = %<divw, 105 (Gindoo)?) = (05, w] - V(Cindoo), 05 (Gns))

(02680 8 (Gono)) (08 (G o) D2 Gron)) 205 (Gong I3

Here ggom and gooin are the functions obtained by replacing ¢ in g2 and goo with (i,
respectively.

Proof. Applying 02 to (2.7.12) and (2.7.13), we see that

0102 ((doe) +w - VO ((Poo) + divo (Cwoo) (2.7.15)
- agggo + a?(“’oo : VC) - [857 w] ’ v(((,boo),

005 (Cwys) — vdivD (95 (Cwy)) — V' Vdivds (Cweo) + VO (Cdoo) (2.7.16)
= 050900

Since 0% ((inwoo) = 0 for |2/ > g, one can obtain the desired estimates as in the proof of
Proposition 2.7.1. This completes the proof. ]

We next consider the estimates near the boundary dD. For this purpose we rewrite
(2.7.12)-(2.7.13) in the cylindrical coordinates (1,7, 0) with xo = r cos @, x5 = rsinf. The
velocity field w is written as

w=FEw, w=""o*%0% ="(w"w",u),

where
1 0 0

E = (e, e e) = 0 cosf —sind
0 sinf cos@

The gradient V, = "(9,,, Or,, Or, ) is rewritten as
Ve = Evy’ Vy = T(ayuayzvays) = T(aﬂm?aha@)v

where
1 1 0 0

E:(el,er,—eg): 0 cosf —%sin@
" 0 sind %COSQ

For an integer m satisfying m > 1, we define w,, by

w,, = Fw,,,
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-~ _ T/ram_~1 m o~ 2 m ~3\ __ T/am,, .1 m,..T m, 0
Wm = (89 wm789 wm789 wm) - (89 wrmaG wm780 wm)?

and
T( 1 2 3

Wy W W), Wy = T(ﬁjl

-2 -3
m? wm7 wm)'

w,, =

Straightforward computations yield the following relations. We take (y(2") = ((|2']) €
C>(D) such that ¢,(z) =1 for |2'| > 2 and {y(2') = 0 for |2/| < 3.

Lemma 2.7.4. Let w,, be defined as above. Then

m—1

10207, (Gwm) ||y < 10505, 05(Gw) |y + C Y 109, wl| (2.7.17)
p=0

10208, 05" (Gow) ly < 10202, (Gl + C S 105, 08w . (2.7.18)
p=0

Proof. Since, by w = Fw,

ot

w, =FE| oyu? | = Eo)"(E'w)

oy a®
= E(E'0)w + [0)", B~ w)
= 0y'w + E[0)', B Hw.

we have
105 winlly < 110505 w + 05 (E[95", E~ w)|l,
m—1
< |95 05 wlly + C D 135w e,
p=0
m—1
10505 wlly < [[05wnmlly +C D 135w i
p=0
This completes the proof. ]

We see from (2.7.12) and (2.7.13) with { = ¢, that

01 (Cdoo) + W - V(Groo) + div(Gwee) = 9oy + Woo - V(Groo), (2.7.19)

0Coele) — (22, (Goute) + 0, (Gl ) + 5 0R(G)) (2.7.20)
(1 + V)0 div(Gotrn) + Do (Goo) = gy

0u(Goute) — (22, (Gul) + 0,00, (Guil) + 5R(GuL) (2.721)

- T%(waz;o) - %ae(gbw&)) - (V + V/)ardiV<waoo) + ar(Cb¢oo) = ggo,ln
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(Gt v (22, (Gull) + 0,0, (Gutl)) + 50 (Gul) (2722

- %(wago) + 3289<<bw<7;o)) Sy

) 1
Opdiv((pwse) + ;aH(Cb¢oo) = 9%

Here gOO by =9oop € (1 =1,10); g oo and goop are the functions obtained by replacing
¢ in ¢% and g. with ¢; and div w = 9, w' + 20, (rw") + 19(w?).

Note that Jj*div w = div w,,. Furthermore the boundary condition (1.1.9) is trans-
formed into

1
éhwl\ap = O, wr‘ap = O, 8,41)9 — —we‘ag =0. (2.7.23)
r
Since w,, satisfies the boundary condition (1.1.9), W = "(wl,w’,w’) = E lwy
satisfies (2.7.23). We thus obtain
01,0500k loa = 0, 04,0l lon =0, 03,060,ull — 0L, Ohullon =0, (27.21)

Applying 97 9" to (2.7.19)-(2.7.23), we see that Gooom = (04 ¢ and (Woom =
E(Ws m satisty

00, (Cooom) +w - VO (Cooom) + div(d2, (Gwi,)) (2.7.25)
= 02,095 + O, 0 (wee - V) — (04,05, w]V (oo,
00 (GWoom) — vdivD(0 (GwWeom)) — V'V Aiv(9 ({Wosm)) (2.7.26)
+ V3, (Gopoom) = O, Goobm
and
& Woo - Mlop =0, [D(F Wee ) - 1 — (D(0 oo )12 - M) ‘8D =0. (2.7.27)

Here goo,b,m = Egoovb7m With gOO,bﬂTL = T(agngéo,lﬂ agnggo,lﬂ aénggo,b)'
As in the proof of Proposition 2.7.1, we now obtain the following estimates for the
tangential derivatives.

Proposition 2.7.5. Let 3 and m be nonnegative integers satisfying 1 < 7 +m < 2. Then

3 .
th {H 05" (Go0) I3 + 1107, (Gwaom) 12} +§0KV0\|V3i1(waoo,m)H§

+ 200,05 (G| (2.7.28)
< C{R + wollwoellfem} + llgocllfiem + llweolfysimes + Zllwscl e,
where
. 1, o o
R, = 5 (dive, |af 0y (Go6oo) ) — (198,05", ] - V (Go9oc), 02, 05 (GoPc)
<af 05" 9% > 02,05 (GoP=0)) + (92, Foospam: D2, (Gonc )
+ 20108, . o
Here foo,b7m = Efoo,b,m with foo,b,m = T@(T(bel)a O(T(ber% agn(bee))
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Proof. The only difference from the proof of Proposition 2.7.1 appears in the Korn’s
inequality:

3 , 3 ,
1 CxVlIV (0, (Gwee )5 < 510l D, (Gwac )l

I ! (2.7.29)
+ |3 (Cowoom) 13-

This completes the proof. O

We next estimate the normal derivatives of ¢.,. For this purpose, we rewrite the
equations (2.5.28) by using the cylindrical coordinates in the following way:

(Oypoe + divwse = fO — w - Vo, (2.7.30)
1 1
owl —v (Gf,lwio + ;&(r@rwéo) + ﬁagw;o) — (v + V)0, divww,,  (2.7.31)
+ ax1¢oo = ooa
r 2 .7 1 r 1 2, T 1 r 2 0
owl, — v | O wl, + —8r(r8rwoo) + —2891000 — W T—289woo (2.7.32)
— (v + V)0 diviwe, + 0,0 =
1
ol —v ((ﬁlwgo + ;5’T(T8ngo) + —Zﬁngo - T—2wgo + —23ng0> (2.7.33)

V+v

89d1vwoo + c%gboo =

007

where .
fgo:fOO'ej7 jE{].,T’,Q}

Proposition 2.7.6. Let j,1 and m be nonnegative integers satisfying 0 < j+1+m < 1.

Then
537|605 0 0 | + 5 2 am*lasmni + 20+ )]|G0, O e
< C{RY) |+ (2v + )]0 35”35M(woo)||§ SNy ,||Cb 05010, (wi )13},
(2.7.34)
where
1., . Cam 1 om
R (0) = 3 1(divw, 604,000 0u?) |+ S0 VIGP 04,05°0 0|
(21/ + V')Héb[ jﬁé”ai“, w] - Vooo3 + (2v + /)] G07, 050 F2II3
_ v 2 _z 0 1 a(la., .0
M(ws) = Y {8 wr, —|— 8 Tza(,woo 0y Oz, W, 8T(r89woo)}.
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Proof. By applying 0, to (2.7.30) to obtain

0,0, o0 + Or(w - Voboo) + O divveg = 0, f2,, (2.7.35)
where f0 = —pdiva..
We can rewrite (2.7.32) as following
o, —v | 02w + 8 —Eﬁwe — 0,0, wl, — 0 i@we
t%Yoo 1 Yoo r2 0 %Yo rYz1 Weo r r 0 %o (2736)
- (2v+v )(()LdlvwOO + 0r oo = flo.
We next compute (2.7.35) 4 52— x (2.7.36) to obtain
1
010, o0 + Or(w - Vo) + W Orboo = h, (2.7.37)
where
5 1
— 0 T r M
h=0.f, + D -~ fro 2y+y/atw°°+ (woo),
__ v 2 2, 7 2 15,0
M(ws) = N, {81,1 wh T—Qa(,woo - ﬁagw — 0,0p, Wk, — 8,,(;891000)} .
We write (2.7.37) in following form:
1

Applying (07 950" to (2.7.38), we have

004,050 (Gudoo) + 5 —— OO0 ()

=~ O (w - Vo) + 02 950k (2.7.39)
= —w - V(4,050 $o) — G102, 050 w] - Voo + (05, 0" 0L

By taking the inner product of (2.7.39) with (,07 90! ¢, we obtain

HCba]laé”@f«“%oH%

2dt Y G, 9 b
= (—w - V(G 950 doc), 602, 05 O o)
+ (—G[02, 0505 w] - Voo + (03 05 OLh, (02 050 o)
= L (divane |22, 0501 o) (2.7.40)
+ (= Cb[aj OO w) - Voo + G, TR, G35, 50 o)
= 2(2 iy )HC 05 O o3 + %(divwm, 1600, OO 6o )

+C{2v + V) )|Gl05, 0500 w] - Vo3 + (20 + 1)1 G07, 050,k 13}-
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We also write (2.7.37) as following form

1
¥ oo T oo: y 2.7.41
Ot 5o 2741

Applying (07 950" to (2.7.41), we have

O OO o + L -0 O O o = (01, Oy OL . (2.7.42)
14

It then follows that
v +1)[|G:03, 050 dos |15

- . (2.7.43)
<c {2 160,07 0 0+ (204 /) Gk O LI |
By (2.7.40) + 55 x (2.7.43), we obtain the desired result. This completes the proof. [
We next estimate higher order derivatives of ¢, and we.
Proposition 2.7.7. Let k = 2,3. Then
1 2 2
s loll-s + [[woo [
2 + V"2
< 0 G0m0alcs + Sl + g L (2.7.44)

2+]//2

"‘Haz'wooug

bl }

Proposition 2.7.8. Let j and m be nonnegative integers satisfying j +m = 1. Then

1, .
194,05 (God0) 71 + 1195, (Gtoc.m) [

1 : 1, . vt
< c{—QHata;l@bwoo,m)u% b 108 g+ 0, e
1/ + e (2.7.45)
163, 05" (woo - V)12 + 1105, 92 (oo |12
e 10,0 Gy
Propositions 2.7.7 and 2.7.8 are obtained by applying the following lemma.
Lemma 2.7.9. Let u= (¢, w) be a solution of the Stokes system
divw = f,
—div D(w) + V¢ = g, (2.7.46)
w-nlpp =0, [D(w) -n— (D(w)n-n)n| |8D =0.
Then there exists a positive constant C' such that
w4+ @l me-r < CLf [ er + ||l + [[Ozw]|2}- (2.7.47)
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Lemma 2.7.9 can be proved by using a similar argument to those in [35, Theorem II
[.1.5.1] and [11, Appendix] based on the following estimates obtained in [31]:

1wl gz py + 91l grier ()
< [ gerrpy + 19l mrpy + 1Bl e py} (B =0,1)
for a solution of the problem

divw = f,
—div D(w) + V¢ =g,
w-nlyp =0, [D(w) -n— (D(w)n-n)n| op = P

where D is a bounded domain with smooth boundary. In [31], the above estimate was
proved for k£ = 0, but one can also prove it for k = 1 according to the proof in [31].

Proof of Proposition 2.7.7. We rewrite equations (1.7.5)-(2.7.5) in the following form:
divwoo = fgo - Q‘sooa
) 1 1 , 0 .
~divD(w.) + V (;qﬁoo) = {foo = (Owee — V(L — 62)) |

It then follows from Lemma 2.7.9 that

(2.7.48)

1
gl ocllzms + llweo e

2

<c {Hf& =l 4| 5 e = (B = V(2 - 6)}

+ Har'woong}

Hk—2

1 1 2+ P
O 0wl + s+ L s + o

IA

02 0)cles |
(2.7.49)
This completes the proof. O

Proof of Proposition 2.7.8. We rewrite equations (2.7.25)-(2.7.26) in the following
form:

( d1v(8§31 (wam))
= 04,008, + 04,05 (woe - Vo) — [04, 0", w]V (Go60) — 02, 05" (Gopec),
. y 1 ]
~divD (97, (GWoom)) + V (;6’351(Cb¢oo,m)) (2.7.50)
1¢ .. . .
= ;{8%190071,7,” — atag;l(gbwoo,m) - V/v (8%1agnggo,b
04,05 (we - VG) — (04,05, w] ¥ (Goboe) — B4, 051G }.

The desired result can be obtained by applying Lemma 2.7.9 in a similar manner to the
proof of Proposition 2.7.7. This completes the proof. a
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Proposition 2.7.10. Let k = 0,1. Then
10ibssll e < CLIFN v + 1w - Voo e + | div wec |- (2.7.51)
Proof. The estimate (2.7.51) immediately follows from the relation
Do = [ —w - Voo — div wee.
This completes the proof. O
We are now in a position to prove (2.5.31) with R(t) satisfying (2.5.32).
Proof of (2.5.31) with R(¢) satisfying (2.5.32). The proof is given by a suitable

linear combination of the inequalities obtained in Propositions 1.7.1-2.7.10 as in [27].
(See also [15, 12].) We first observe that

200 div)| < 2 divennl, < 2ldiven [ + o2
< 20D ()3 + ol
8 0
It then follows that
v
D (a5 + V'l divewas |5 = 2(¢oc, divewes)

3 3 1
> 0l D(weo) [z = grolD(wee) 5 V—OH%\I%

3 1
= ol (we) 5 = -l el

3 2 1 2
> <cxvol|D(weo)|; — V—0||¢oo\|2-

8
We also have

Al div(wee )3 < 12[[ Ve 13-
Therefore, setting ¢; = max{y% 041 we see from (14 ¢;) X (1.7.4)x=j=0 + (2.7.10) that

’ e
Ld o+ 1p) < om (2.7.52)
it T3 Dilt) < O (), i

where
Bi(t) = (1+ ) uscl3 + 5 Do) [ + v/ |diveog |3 = 2(0ue, divevac),
Dit) == (14 %) el Vawel3 + 5 (1 + e} + 1D0a0nc]
Ni(t) = | RO + 1w - Tl + 1FLI + 11 £
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Note that there exists a positive constant C' > 0 such that

CH{lluo ®)II3 + I Vwoo ()13} < E1(t) < Cllua (][5 + [IVwoo (£)13}-

We next consider ¢ X (2.7.52) +(2.7.14) aj=1 4 (2.7.28) j =1 With ¢ = ¢5(1+1). Then,
with a suitably large positive constant ¢, we have

1d 1
s P2(t) + 5D2(t) < ON2(t) + pe(llpoollzn + lwssl72), (2.7.53)

where

Ey(t) = 2 Bu(t) + [V (G5 + Y 104,05 (Gotoo )15 + 102, (Gwoom) I3,

Jj+m=1

3

Es(t) = caD1(t) + 4CKV0{||3 Cnwo) 13+ Y IV, (Gwn) 13}
j+m=1
31/
O{Hv Cm¢oo H2 Z H 80 Cb¢ H }
Jj+m=1

N( = CgNl —|— Z R Z ‘R(g) ’

|a|=1 Jjt+m=1

We next consider ¢z x (2.7.53) + (2.7.34) j=n—i=0 With a positive constant cs. Then,
taking c3 suitably large and apply Lemma 2.7.4, we have

1d 1
57 Pa(0) + 5Ds(t) < ONg(t) + 5ese(|doollin + lwoellize), (2.7.54)

where
E3(t) = csBa(t) + |G r¢oo( I3,
D3(t) = c3Dy(t) + 160, boe ()13 + (20 + /)[| G40, s (1) 13,

2w+ v/
Ns(t) = esNa(t) + RGj .

We are now in a position to derive the H'-energy estimate. We consider c4 x (2.7.54) +
5 +V, X (2.7.44),—2 with a positive constant c¢s. By taking ¢, suitably large and e suitably
small, we obtain

LS E1) + 2 Dalr) < ON), (2.7.55)

where
E4 (t) = C4E3 (t) s

D4 (t) = C4D3 (t)

2
14
H¢OO||H 2]/—}—]//

1 Focll3 + (20 + )L F2 17

o lwsllZe,

WY
Ny(t) = caN3(t) +

2+/
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Let us proceed to establish the H?-energy estimate. With a suitably large positive
constant ¢ we see from (1.7.4)4—1 j—0, (2.7.14)|a/=2, (2.7.28) 4=z and c5 x (2.7.55),¢c5 =
(1 + 1), that

1d 1
s Bs(t) + 5Ds(t) < ONs(t) + 92(l| ol zr2 + llwsslZs). (2.7.56)

where

E5(t) = ¢ Ea(t) + [|10uce (D)5 + 105 (Guce) I3 + D 105,05 (Gt I3

j+m=2
+ 1102, (Gwee,m) 3,
3 2 37/0
Ds(t) = esDa(t) + x| Vowee ()]l + ||8t¢oo||2
3
+ 2 Crv <|I(9 (Grws)l3+ D IV, G woom)Hz)
j+m=2
3V
= (!\82 Cndoo)l3 + D 1108, 5" (Go0) ||2> :
jt+m=2
Ns(t) = esNa(t) + R () + > RP()+ Y RYL(1
|a|=2 J+m=2

We note that, by Lemma 2.7.4, E5(t) and Ds(t) are equivalent to

esBx(t) + [|0sucs (O3 + 1103 (Guoo)ll3 + Y 1102,05" (G I3
J+m=2
and
3
csDa(t) + e (HV@woo( 3 + 10 Crnwa)l5 + > IV bwoo)Hz)
J+m=2

3
VO <||8t¢00||2 + ||82 Cm¢00 ||2 Z “ a@ Cb¢m)||2> ’

Jj+m=2

respectively, by taking cf suitably large.
We next consider c¢g X (2.7.56) + (2.7.34) j4m=1,—0 With a positive constant cs. Since
> 182,050 (w5 + 1162, 05" M (Gwee )15 < CDs(),
Jj+m=1

taking cg suitably large, we have

1d 1
5 e Bo(t) + 5 D6(t) < ONo(0) + 9coeldlle + loscle), (2757
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Eg(t) = coEs(t Z 16602 89 oo (1) 13,

Jj+m=1
Dult) = eaDs(t) + Y {5 160L A 00 O + v + )60 55 0.6 )13
j+m=1

Ne(t) = c6N5(t) + Z Rﬁo( )-

Jj+m=1

It then follows from c; x (2.7.57) +
constant c; that

1d 1
S () + 5De(t) < CNa(t) + 9cscre (|| doollz> + lwecl2s), (2.7.58)

2V”jy, X (2.7.45) with a suitably large positive

where
E7<t) = C7E6(t>,

Dq(t) = ezDg(t) + > {2 - (|07 a?(<b¢oo)!|i,1+2

j+m=1

o <<bwoo,m>uip},

+ /

s 1+ 2 0L O

N2(t) = erNo(t) + ) {

j+m=1

We note that, by Lemma 2.7.4, D;(t) is equivalent to

i)+ Y {0 ol + 5 0L 0 G}

Jj+m=1

W+ 1/
We next consider c¢g x (2.7.58) + (2.7.45) ;—n—0,=1 with a positive constant cs. Since
10:0:(GowZ )13 + 18- M (Gwao ) [|3 < C'Ds(t),

by taking cg suitably large, we have

1d 1
§EE8( )+ §D8(t) < CNg(t) + 9cscrcse (|| dooll 7z + llweo | Fa), (2.7.59)

where
Ex(t) = csEr(t) + ||Cb52¢oo( i3,
Dg(t) = csDq(t) + 1602000 ()3 + (20 + V)10 (1) 13,

2wt
Ns(t) = csN7(t) + Ro,o,l-

It then follows from cy x (2.7.59) + 5 j ; X (2.7.44)—3 with a suitably large ¢9 and a
suitably small € that
1d 1
il - < 7.
thEg( )+ 2D9(t) < C'Ny(t), (2.7.60)
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where

Ey(t) = coEx(t),

1 V2
D — D - 2 o 2
o(t) = coDs(t) + S V,H¢oo(t)”H2 + S V,Hwoo(t)HHSa
1 -
Ny(t) = coNs(t) + ZV—JFV,HfooH%ﬂ + v+ V)| f ] e

Since Dy(t) > dyFy(t) for some positive constant d;, we have
d dy

1
3 Bo() + 5 Bo(t) + 5 Do(t) < 2CNy(1),

2

boa, Ly, ba,
Eg(t)+—/ e 2= Dy(s)ds < e 2 E9(0)+26’/ e” 2 = Ny (s)ds.
0 0

Since w,, satisfies

{—ydivD(woo) — VVAiVWe, = Foo — (BWee + Vo),

Woo - Nfon =0, D(ws) -n— (D(woo)n . n) 0,

mfy =
by the elliptic estimate, we have
lwee ()]l < C{I (B2 + 10wss (B)]13 + Vs (8) 12}
< C{Ey(t) + || f(B)lI2}-
It then follows from (2.7.51),—y, (2.7.62) and (2.7.63) that

1 t
El()(t) + 5/ 6_%(t_S)D10(S)dS
0
t
<C {6_?tE10(0) + ||foo<t)||§ —l—/ 6_(121(15_8)N10(S)d8} .
0

Here
Er(t) = c10Bo(t) + [woo (t) |72
Dig(t) = c10Do(t) + [|0sdo0(t) || 111
Nio(t) = c1oNo(t) + | L O30 + I (w - Vo) (8) 1311,

with some suitably large positive constant cyg.
By Propositions 2.8.1 and 2.8.2 below, we have

I £sll3 < CA+)TEM () < C(1+ )72 M, ()

and

3

Nio(t) < C{(1 4+ ) 2M(t)® + M(t)Duo(t)}
< C{(1+ 1) 2 M, (t)* + M, (t) Do () }.

(2.7.61)

(2.7.62)

(2.7.63)

(2.7.64)

Combing these estimates with (2.7.64), we obtain (2.5.31) with R(¢) satisfying (2.5.32),

by setting R(t) = Nio(t) in (2.7.64). This completes the proof.
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2.8 Estimates for the nonlinearities

In this section we estimate the nonlinearities. Throughout this section we assume that

= T(¢,w) € C([0,T]; H* x H?) is a solution of (1.5.1) with w € L2(0,T; H?) for a given

positive number 7. Observe that u is written as u = u; +us, u; = (9, w;), (j =1,00);
rig

and ¢1 = ¢y (1) and wy = " (w], w(®bl;,) with w} = wi(z1) and wi® = wi®(zy).

Proposition 2.8.1. The following estimates hold uniformly for t € [0,T] with C > 0
independent of T :

[¢div w| e < C{(1+ )T M(t)? + (1 + )2 M(t)\/Do(t) }, (2.8.1)
lw - Vool g + llw - Veull e < C(1+1)"TM (1), (2.8.2)
[(divaw, [0F 87 ¢oo|?)] < CL(1+ )T M(t)® + (1 + )2 (t)Doo(t)}, (2.8.3)
[0F89,w] - Vooo|ly < CL(1+ ) T M ()2 + (1 + 1)1 M (t) /Do ()} (2.8.4)

for1 <2k+7<2 and
1% e < CL{(L+8)73M(£)? + (14 1) "2 M()v/Dac(1) }, (2.8.5)
10:F% 11, < CLL+ 1) IM()? + (1 + )72 M(t)y/ Do (t) }. (2.8.6)

Noting that divw; = d,,wi(x;1) and ¢; = ¢;(x1), one can prove Proposition 2.8.1 by
straightforward applications of the Gagliardo-Nirenberg-Sobolev inequality.

We next consider the estimates for f.,. We observe that there exists a positive constant
ey such that [|¢(t)] < & whenever [Ju(t)||zz < €2, which follows from the Sobolev
inequality |[u(t)|lco < C|lu(t)|| g2
(t

Proposition 2.8.2. If |u(t)||gz < &2 and M(t) <1 fort € [0,T], then

[ foolly < COL4 1) TM (1), (2.8.7)
I foollir < CLA+8)TIM(E)? + (1 4+ ) 2 M (£)y/Dao(t) }, (2.8.8)
(01 Fos Owoc)| < CL(L+6)"2M(1)? + M(t) Doo(1)}, (2.8.9)

where C' is a positive constant independent of T.

Noting that ¢; = ¢;(z1) and

. P o QU v)oE wi(a)
vdivD(w,) + V'Vdivw, = < V82 “g(xl)b’ ,

rig

one can prove Proposition 2.8.2 by using the Gagliardo-Nirenberg-Sobolev inequality.
We also note that the most slowly decaying term arises from w; - Vw; which contains
—2(w'®)%n. Cf., [1, Section 7].

The estlmate (2.5.32) for R(t) = Nyp(t) follows from Propositions 2.8.1 and 2.8.2.
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2.9 Asymptotic behavior

In this section we give a proof of Theorem 2.3.2. To this end, we first show that the low
frequency part u.(t) is approximated by the solution

0.(t) = 0l()bo + 0. (Db + 0 E ()b, 0l = 0l(21,1) (5 =0, 11ig) (2.9.1)

of the following integral equation as t — oo:
t

o.(t) = S(t) Prusw + / S(t — 7)0y, G(o4)(T)dT. (2.9.2)
0

We note that, since P is written as Py = F1[1g,ITp + 15,111 + 1, [, Pru.o takes the
form .

Plu*o = 5’20[)0 + 6&0[)1 + 6i10gbrig, (293)
where 5% = F'[Lu(Go)], 5% = L, )] and 555 = F1[Ly, (b, Bse)] with g =
(o, m0), mo = " (m}, my). We also note that

Go.) = — (o1 +

(US)2> bl - Uiaiigbrig
(2.9.4)

p// 1 "
(@) + (027 + P 09)2)b — ol

By a standard way, one can show the following estimates for o,(t) by using Lemma
2.4.3.

Lemma 2.9.1. If ||u|| g1z is sufficiently small, then (2.9.2) has a unique solution o.(t)
that satisfies

188 o ()]s < COU+ )T 5 Juglljars (k= 0,1), (2.9.5)
188 0(t) ]| < C(1+8)72 2 o]l upps (k= 0,1). (2.9.6)

We have the following estimate for wy.(t) — 0.(f) which shows that the asymptotic
leading part of uy.(t) is given by o,(t) for large t.

Theorem 2.9.2. If ||ug||g2nrr is sufficiently small, then

_3
lur(t) = ou(®)lly < CL+ )7 uol o

for any 6 > 0.

Proof. We introduce N(t) defined by

N(t) = sup {(14+7)1lur(r) = 0.7 |

It follows from (2.5.26) and (2.9.2) that uy.(t) — 0.(t) is written as

4

ur(t) — ou(t) = Y I(1),

=0
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where
Io(t) = (™ = S(0) Pru,
o) = [ 86 = 7R (Glu(r) - Gl ()
L(t) = /0 (L (1 — 1)) P, G (u(r))d
L) = — /Ot S(t — 7)(I — Py, G (o.(r))dr,
I(t) = /0 t e "L P9, G (u(r))dr.
As for Iy(t), Lemma 2.4.3 (iii) shows that

198, 1o ()l < 1195, (€™ = S(£) Pratsolly < C(1+£)™4 [t | rn

for k=0, 1.
As for I;(t), we write it as

_ / 01, S(t — 7Py (G(u(r)) — G(o(r)))dr.

Since

1G () = G(ow)ll;
C{ll(wh)? = (@)%l + 116 = (62?11 + lw'w' — oy 02 by 11}
C

<
< C+ )TN () |uoll g2,
it follows from (2.4.12) and Lemma 2.4.3 (i), (ii) that

3

t
ot e, < ¢ { [ (e =m0 e b N0 ol
0

< O+ )TN o o

[NIE

for k=0, 1.
We next estimate I5(t). Since

10, G(w)lly < Cllull2]|0s,ull2 < C(1+1)7 M (#)%,

we have

3

|0t L), < € { / U

< O+ )71 ug| o

MBS

(1+ T)_ldT} M(t)?
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for k=0, 1.
As for I3(t), we see from Lemma 2.9.1 that

_5
102, G(@:)]l2 < Cllowllool| Oy all2 < C(L+ )% [fuoll1 1
10, G (el < CllowllallOs, oullz < C(1+ )7 H|uollFpn -

It follows from Lemma 2.4.3 (i), (ii) that
107, Z5(t) |2

3_k
2

< 0/ {(t =) "2 DA )T+ (Lt — )72 (1 + 1) bdrfluolFann
<C{A+07 4+ @0+ 67T Hfupl| o
for k=0, 1.
As for I4(t), we write it as

t
— / Opre” IR G (u(r))dr.
0

Since

IGIh < CL+1) 7 M(1)?,
similarly to the estimate for 0% I5(t), we obtain
105, 1 (®)l2 < COU+ )7 ol 2

for k = 0, 1. This completes the proof. m
Proof of Theorem 2.3.2. By Theorem 9.2, it suffices to show that

_1_k
|05, (00 = X4by — X—b— — Xaighsig) (t)]|, < C(1 +1) 7272 [|uo| mrrrr

for k = 0,1. Here x+ = x+(x1,t) is the diffusion waves given in (2.1.10)-(2.1.12) with
=1(1+ 2 ( ), and X is given in (2.1.14). We write 0.(t) as

0u(t) = 0T (B)b + 07 (Db + (1) by,

where
ol (t) = ol(t) £ ol(t).

We also write Piu.o as

Plu*o = O'Sob() + O-i(]bl + O'iiogbrig + 5'*0 (2 9 7)
= 0oby + opb— + 0, $brig + T,

where
USO = <¢0>7 Ui() = <m(1)>’ Uigg = <m07 b;1g>
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G0 = F (1= Lr,) ((d0)bo + (1ig)br) + (1 = Lg,){mp, b, ) b,

and
+

0 1
00 =0, L0,
We then obtain

0. (t) = Sy (t)(0fbs) + S (£)(029b-) + Sria(t) (0% busg) + S(1)Fw0
L) + I () + Lig(t),

where

L(t)=F /0 (- 7) (0n, (0% + E2(00)?) (7)ps] ar,

Lglt) = — /0 Srg(t — 7) [0y (0107 (7)bus] d.

Note that
(0 (1) +0.(7), oulr) =
We define V(t) = 0y (t)bs + n—(t)b— + Thig(t)brig by
Ne(t) = o (1) = X (), Mglt) = o5 (t) — xuig (1),
and introduce

Y(t) = sup {1+ 73Vl + (L +7)0n V(D)o }

0<r<t
We write
(1) = o7 = 00)" = lm + 3~ —x )
— i{xi + % = 2xax- + (g — 77*>}7
(09) = (oF +07) = J0n +x + -+ 1)’
= i{xi +x2 + 20X + Gy + o)},
and
0u0}® =507 — o)’

(N + X+ — 1= — X=)(Thig + Xuig)

RN RN

= §{X+xrig — X=Xrig + (M4 + X+ — 1= = X=)hig + (N+ — =) Xzig}+
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where (4 = 2(x+ &+ x_) + n4+ £ n_. It then follows that I, () and I;;,(t) are written as

=7 [ 8ul = na {30+ )06+ - 10 - A
+ 3¢ Oy — o) + B¢ (s + o) Yo ] dr,
Lig(t) = —% /O t Srig(t = 7) [Oe { X Xoig = X—Xaig + (11 + X4 — 0= — X=)hig
+ (114 = 11-) Xuig } brig] .
We observe that x1 = xu(21,t) and Xyig = Xrig(21,1) satisfy

2V—|—I/

£+ D)0, (xa)? = 0

82 X+ F 8x1 X+ 1

atX:i: -

and
8tXrig - V8§1Xrig - 07

respectively. Therefore, we have

el = Sel@caabel T 11+ 242) [ 1t =70 (e bl

and
Xrig (t)brig = Srig (t> [Xrigobrig]7
where x10 = x+(0) and Xuigo = X1ig(0). It then follows that

V() = 0.(t) = x+(8)by — X—(1)b— — Xrig(t)brig
= 51 (t)[(0d — x0+)b4] + S () [(05 — x0-)D-]
+ Suig () (028 = Xeigo)biie] + S (O)Fu0 + Ly + L + L,
10+ [50=n) [0, 03 b Jar

_ i(l + #) /0 S_(t - T) [a:m (X2—)(T)b_} dT

= S5:()[(0)5 — x04)b4] + S_(¢ )[( 0 — Xo—)b_]

+Sr1g( )[( e rlg rlg +Z<]k7

where



t
Srig(t - T) [axl (X+Xrig - X—Xrig)brig] dT:

S
I
|

Srlg( ) [8361{(77+ + X+ —7-— Xf)nrig}brig} dr

O\O
o~

N~ N —= N =

Srig(t — ) [0n { (05 — 1) Xuig }uig) AT

S~

Since

/(U*io — Xxo0)dz1 =0,
R

|05, S5(t) [(o55 — xz0)bz] ||, < C(A+ 1)~ 27 |ug| g2

1/2

we have

for £k =0, 1. Similarly,

|| rlg [ rlg Xrlg() rlg} ||2 < C 1 +t) 173 ||u0||H2ﬂL%/2
for £k = 0,1. We also have
185, ()T wolla < Ce™|ug|| 2, &k =0,1,

for some positive constant C.
As for J;, we apply the estimates for the interaction between two diffusion waves in
different fields by T.-P. Liu [24] (see also [17, Lemma 4.2]) to obtain
1k
105, S ()2 < C(L+ 1) 7272 [fuol3p2np-

We next estimate J. For [ > 0, we have

19, Ocex=) Ol < Ce™luo | o (2.9.8)
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with some positive constant ds, which was obtained in [19]. It then follows that

3

||5§1J2(t)||2§0/(1+t—7) 2 (o= (Ol + 125 Cex)(@)1)dr

< C/ 1 +1t— T 7%756 dsTdTl|U0“H2mL1
<CQ+1)” i 2HUOHH?le

We next estimate J;. We have

o / Syt — ) [0 (Co (s — 1)) (1)by]dr

2

<C / At =)y — ) (7)dr
e / (1t = 1) H05 (¢ (ny —n)) (7)lladr

+0 [0t 773105, (¢ =) ()
= Ja1 + Jao + Js3

for k =0, 1. Since
1k
105, x£(®)ll2 < C(L+ )52 uo | 2,
we see that [|¢_(7)|]2 < C(1 + 7)1 |luo|| gznz:. This, together with
16 (e = n=)lh < MIC-l2llnse = n-ll2 < ClC 2V 2,

implies that

T = CY(t)/ (L+t—7)"572(1+7) 3dr||uo| m2nm
0
< C(1+ )22 ||ug| g2n Y (2).
Similarly,
t
Jsp = CY(t)/ (14t —7)"1(1 4 7)" 5 2d7|ug| o
< C(1 41722 |lug| gan Y (1),
and

t
Jag = CY (1) / e~ =N (¢t —7)73(1 4+ 7) 7 2d 7 |Jug || e
0

1_k
2

< O +8)7 27 Juollm2np Y (1).
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We thus obtain

_1_k
S C(1+t) 2 QH’U/()”I_IQQLlY(t).
2

aﬁljg Syt — ) [0 (Co (71 — 1)) (1)by]dr

The other terms in J; can be estimated in a similar manner. We thus obtain
102, Ta(0)ll < O+ £)72 2 fluo]lans Y (1),
To estimate Jy, as in the case of J, we make use of the estimate
10, (Ot xig) ()11 < Cem [l G (2.9.10)

for I > 0, which was obtained in [19]. We can obtain the estimate for J; in a similar
manner to that for J,. The estimate for J5 can be obtained in a similar manner to that
for J3. It then follows that if ||ug||z2nz: is sufficiently small, we have

185V (1)]]2 < C(1 + )% || grore

1/2

(2.9.11)

for £ = 0, 1. This completes the proof. O
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