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Abstract

In this paper, we consider the fault-tolerant facility location problem with submodular penal-
ties that is a common generalization of the fault-tolerant facility location problem and the
facility location problem with submodular penalties. For this problem, we present a combi-
natorial 3- Hg-approximation algorithm, where R is the maximum connectivity requirement
and Hp is the R-th harmonic number. Our algorithm is a common generalization of the
algorithm for the the fault-tolerant facility location problem presented by Jain and Vazirani
(2003) and that for the facility location problem with submodular penalties presented by
Du, Lu and Xu (2012).

1 Introduction

The facility location problem is one of the most important problems in combinatorial optimiza-
tion. Unfortunately, this problem is NP-hard, and thus most of the research has been focusing
on designing approximation algorithms with good performance. So far, the best approximation
ratio for the facility location problem is 1.488 due to Li [§].

Many variants of the facility location problem have appeared. The fault-tolerant facility
location problem is one of variants of the facility location problem. In this problem, each client
has a connectivity requirement and we have to connect each client to as many open facilities as
its connectivity requirement. This problem was introduced by Jain and Vazirani [7], and several
approximation algorithms were presented [7, 5, 11, 1]. So far, the best approximation ratio for
the fault-tolerant facility location problem is 1.725 due to Byrka, Srinivasan and Swamy [1].

The facility location problem with submodular penalties is another variant of the facility
location problem. In this problem, not all clients are connected to open facilities and unconnected
clients incur a penalty cost determined by a monotone submodular function on the client set.
This problem was introduced by Hayrapetyan, Swamy and Tardos [6], and several approximation
algorithms were presented [6, 2, 3, 9]. So far, the best approximation ratio for the facility location
problem with submodular penalties is 2 due to Li, Du, Xiu and Xu [9].

In this paper, we consider the fault-tolerant facility location problem with submodular penal-
ties that is a common generalization of the above two variants of the facility location problem.
For this problem, we present a combinatorial 3 - Hg-approximation algorithm, where R is the
maximum connectivity requirement and Hp is the R-th harmonic number. Our algorithm is
a common generalization of the algorithm for the the fault-tolerant facility location problem
presented by Jain and Vazirani [7] and that for the facility location problem with submodular
penalties presented by Du, Lu and Xu [3].

*This work is partly supported by KAKENHI(24106005).




Organization. In Section 2, we give a formal definition of the fault-tolerant facility location
problem with submodular penalties. In Section 3, we present an algorithm for the fault-tolerant
facility location problem with submodular penalties. In Section 4, we analyze an approximation
ratio of our algorithm. Section 5 concludes this paper.

Notation. We denote by R, Ry and Z, the sets of real numbers, non-negative real numbers
and non-negative integers, respectively.
Assume that we are given a set U. For each subset X of U, we define a characteristic vector

xx in {0,1}V by
() 1 ifueX
u) .=
xx 0 ifuel)\X.

Let dq,ds be vectors in RY. Define a vector di + do in RY by
(d1 + dg)(u) = dl(u) + d2(u)

In addition, we write dy > da, if dq(u) > da(u) for every element w in U.

2 Problem Formulation

The fault-tolerant facility location problem with submodular penalties is defined as follows. We
are given a finite set F' of facilities and a finite set D of clients. For each facility ¢ in F, an
opening cost f; in Ry is given. For each client j in D, a connectivity requirement r; in Z, is
given. We assume that r; < |F| for every client j in D. For each facility 7 in F' and each client j
in D, a connecting cost ¢; ; in Ry is given. We assume that connecting costs satisfy the triangle
inequality, i.e.,

Cij + Cz‘,j’ + Ci/’j/ Z ci’,j

for every facilities 7,7/ in F' and every clients 7,7’ in D. In addition, we are given a penalty
function h: Rf — R4, which is the Lovasz extension of a non-negative monotone submodular
function p: 2P — R, with p()) = 0. We will give formal definitions of a submodular function
and its Lovész extension later.

An assignment is a triple (X, d, ¢) of a subset X of F, functions d: D — Z, and ¢: D — 2F,
An assignment is said to be feasible, if

Vj € D: ¢(j) € X and [o(j)] + d(j) = 7.

The cost (X, d, ) of an assignment (X, d, ) is defined by

f(X,d,gO) ::Zfi+z Z Ci,j+h(d).

ieX JED icp(j)

The goal of the fault-tolerant facility location problem with submodular penalties is to find a
feasible assignment with minimum cost.

Here we give formal definitions of a submodular function and its Lovasz extension. A function
p: 2P — R, is said to be submodular, if

VX, YCD: p(X)+p(Y)>p(XUY)+p(XNY). (1)
It is well known that (1) is equivalent to

VX, Y CDst. X CY,Vj€D\Y: p(XU{j}) — p(X) > p(Y U{j}) = p(Y). (2)



A submodular function p: 2P — R, is said to be monotone, if
VX, Y CDst. X CY: p(X) <p(Y).

The Lovdsz extension h: R — R, of a submodular function p: 2P — R+ is defined as follows.
Assume that we are given a vector d in ]RD We denote by diy>dy > > dk the distinct values
of its components and define

U ={jeD|dQy)=d} (3)
for each [ =1,2,..., k. We define h(d) by

k—1
h(d) = 3" (d; — dis1)p(Uh) + d - p(UR).
=1

It is not difficult to see that p(X) = h(xx) for every subset X of D. This implies that the fault-
tolerant facility location problem with submodular penalties is a generalization of the facility
location problem with submodular penalties.

Here we give properties of the function A that will be used in the sequel. It is known [4] that
h(d) is equal to the optimal value of the following linear programming (4).

max Zd(j) P;
jeD
Y opi<pX) (XCD) (4)
jex
pj€R  (jeD).

In addition, it follows from the monotonicity of p that A is also “monotone”.
Lemma 1. For every vectors d,d’ in ZY with d > d', we have h(d) > h(d').

Proof. We prove this lemma by induction on

ldll = d(3)

jED

If ||d|| = 0, then h(d) > h(d') clearly holds for every vector d in Z with d > d’. Assuming that
this lemma holds for every vector d in Z2 with ||d|| = A, we consider the case of ||d|| = A + 1.

If we can prove that
Vj € D s.t.d(j) > 0: h(d) > h(d— xij),

then this lemma follows from the induction hypothesis. Let us fix a client j in D with d(j) > 0.
We denote by di > da > -+ > dj, the distinct values of the components of d and define U; by
(3) for each I =1,2,..., k. Assume that d(j) = d;. We have

s—1
h(d - X{j}) ::Z(CZI - dl—l—l)p(Ul) + p(Us \ {]}) + ((Zs - Cis—i—l - 1)P(U5)
=1
k-1
+ > (di = dip1)p(U) + di - p(Up).
l=s+1

Hence, we have
h(d) — h(d = xg53) = p(Us) = p(Us \ {j}) = 0,

where the inequality follows from the monotonicity of p. This completes the proof. O



3 Algorithm

In this section, we explain our algorithm for the fault-tolerant facility location problem with
submodular penalties. For this, we first define a subproblem S(H, K, o) for each subset H of F,
each subset K of D and each function o: K — 2 as follows. Intuitively, in S(H, K, o), facilities
in H are already open, and each client j of K is not allowed to be connected to facilities in o(7).
Under this constraint, this subproblem asks for opening facilities in F'\ H and connecting each
client j in Ky to a newly opened facility or a facility in H \ o(j). Notice that in this problem, a
connectivity requirement of each client in K is equal to one.

A feasible solution of S(H, K, 0) is a triple (Y, P,) of a subset Y of F'\ H, a subset P of K
and a function ¢: K \ P — F such that

Vi€ K\P:¢(j)e(HUY)\o(j)

The cost £5(Y, P, 1)) of a feasible solution (Y, P, 1) of S(H, K, o) is defined by

s(Y; P 9) Zfl Z Cy(5),g + P(P)-

i€y JEK\P

The goal of S(H, K,0) is to find a feasible solution with minimum cost.
Now we are ready to present our algorithm for the fault-tolerant facility location problem
with submodular penalties, called FTFLWSP. Define

R :=max{r; | j € D}.
The algorithm FTFLwSP is described as follows.
Step 1: Set ¢t := R, X¢11 :=0, di+1(j) := 0 and ¢;41(j) := 0 for each client j in D.
Step 2: If t > 1, do the following (2-a) to (2-d).

(2-a) Set Hy := Xyq1, Ky :={j € D |r; >t} and 04(j) := @i+1(J) for each client j in K.
(2-b) Find a feasible solution (Y;, P, 1) of S(Hy, Ky, 0y).
(2—0) Set X; := X1 UYy, dy = dpq + XP; and

oi(j) = {%H(j) U{k()) ifje K\ P,
: er+1(7) if je(D\K;)UP,

(2-d) Update t :=¢ — 1 and go to Step 2.
Step 3: Output (X1,d1,¢1).

In Step 2 of the ¢-th iteration, we connect a client j in D with r; > ¢ to some open facility or
increase its penalty by one. Hence, the ouput (X1, d1, 1) is clearly a feasible assignment. Notice
that an approximation ratio of the algorithm FTFLwWSP depends on the quality of (Y;, P, )
in Step (2-b). In addition, if we can find (Y, P, %) in polynomial time, then the algorithm
FTFLwWSP is also a polynomial-time algorithm. We will discuss these points in the next section.



4 Analysis

In this section, we analyze an approximation ratio of the algorithm FTFLwWSP. An IP formulation
of the fault-tolerant facility location problem with submodular penalties is described as follows.

min Z fiyi + Z Z cijxij + h(d)

el i€F jeD
s.t. Z«Ti,j+d(j) >y (j € D)
ieF
i < Yi (’L S F, j S D) (5)

ZCi,jG{O,l} (iEF,jGD)

y’be{ovl} (ZEF)

dezpb.
Notice that it follows from Lemma 1 that there exists an optimal solution of (5) such that the
first constraint holds with equality for every client j in D. Denote by OPT the optimal value of

(5), i.e., the fault-tolerant facility location problem with submodular penalties.
Here we consider an LP relaxation of (5). The dual problem of (4) is described as follows.

min Y p(X) - qx

XCD

s.t. Y ax=d(j) (jeD) (6)
XCD: jexX
x>0 (X CD).

It follows from (6) that an LP relaxation of (5) can be described as follows.

min Z fiyi + Z Z CijTij + Z p(X) - gx

ieF i€F jeD XCD
s.t. in’j + Z qx > 1j (] € D)

icF XCD: jeX

zi; <vy; (ieF,jeD) (7)

:L‘Z"]'ZO (iGF,jED)

0<y; <1 (1 €F)

gx >0 (XCD).
Denote by OPTp the optimal value of (7). Notice that OPT p < OPT holds. The dual problem
of (7) is described as follows.

max Z rjog — Z %
jeD i€F

st. oj—Pij<c; (1eF jeD)
Zﬁi,jﬁfi-i-zi (ieF)
jeD
Y a<pX) (XCD)
jEX
a; >0 (j € D)
Bi; >0 (i€ F,jeD)
%>0 (i€ F).

5



Next we consider an IP formulation of S(Hy, Ky, 01). Define a new function pg, : 25t — R, by
pi, (X) := p(X) for each subset X of K;. It is clear that pg, is submodular. Let hg, : ]th — Ry
be the Lovész extension of pg,. An IP formulation of S(Hy, Ky, 0y) is described as follows.

min Z fiyi + Z Z CijTij + hi, (d)

ieF\H; i€F jEK}

st > mtd{i) =1 (jEK)
i€F\o(j) (9)
Tij <yi (1€F\H,je Ky

xi,je{oal} (ieijEKt)
y; € {0,1} (i € F\ Hy)
d e {0, 1},

Similarly to (7), an LP relaxation of (9) is described as follows.

min Z fivi + Z Z G j%ij + Z pr:(X) - gx

i€ F\Hy 1€F jeKy XCK:
s.t. Z ;5 + Z qx > 1 (] S Kt)
i€F\ot(j) XCKy: jeX

zij < Yi (i€ F\ Hy, j € Ky)
zi; >0 (ieF, jeKy)

y; >0 (i€ F\ Hy)

gx >0 (X CKy).

Denote by OPTs p () the optimal value of (10). The dual problem of (10) is described as follows.

S.t. aj — ,67;7]' < Ci j (j S Kt, 1€ F \ Ht)
aj <cij (j€ Ky, i€ Hy\ o))

jezl;t Bij < fi (i€ F\H) (11)
> oy <pr(X) (X C Ky
jex

a; >0 (jeKy)
Bij =0 (i€ F\H,jeKy).
From now on, we analyze an approximation ratio of the algorithm FTFLwSP.

Lemma 2. For everyt =1,2,..., R, we can find a feasible solution (Y, P;,¢t) of S(Hy, Ky, o)
such that
§s(Ye, Py tpy) < 3-OPTsp(t)

i polynomial time.
We will give the proof of Lemma 2 in the next subsection.

Lemma 3. For everyt =1,2,..., R, we have

OPTsip(t) < — - OPTyp.

~ | =



Proof. 1t follow from the strong duality theorem that there exists a feasible solution
aj (j € Ky), Bij (i € F\ Hy, j € Ky)

of (11) with
Z o = OPTSLp(t).

JEK

To prove the theorem, we construct a feasible solution
a;j (jeD), BiyGeF jeD), % (ie€F)

of (8) with
> rjd; =Y % >t OPTsp(t).

jeD icF
It follows from the weak duality theorem that
> rid;— > 2 < OPTyp,
j€D i€F

which completes the proof.
We first define &; for each client j in D by

. (o7 lfJEKt
Qj =
! 0 ifjeD\K;

Next we define B” for each facility ¢ in F' and each client j in D by

,Biﬂ‘ iijKtandiEF\Ht

0 ifjeK;andie Hy\ ow(j)
a; if j € Ky and i € 04(j)

0 ifjeD\K; andiecF.

Bij =

Finally, we define Z; for each facility ¢ in F' by

Y o, ifieH,
Zi 1= { jeK;:icoi(4)
0 if i € F'\ Hy.

Here we prove that &, @j and Z; are a feasible solution of (8). We first consider the first
constraint. For each client j in K; and each facility 7 in F'\ Hy,

b — Bij = aj — Bij < cij.
For each client j in K; and each facility ¢ in H; \ o¢(j),
aj — Bu =a; —0=0a; <c¢;.
For each client j in K; and each facility ¢ in o¢(j),

aj = fij=aj—a;=0<cy.

7



For each client j in D \ K; and each facility i in F,
OAtj—BiijO—OZOSCiJ’.
Next we consider the second constraint. For each facility ¢ in Hy,
ZBM: ZBM: Z aj = 2 < fi + 2.
JjE€ED JEK: JEK:: i€ (4)
For each facility ¢ in F'\ Hy,
Zﬂw = Z Bij < fi < fi+ Z.
jeD JEK:

Finally, we consider the third constraint. For each subset X of Kj.

D 6= 0 < pi(X) = p(X).
JjeEX JjeX
For each subset X of D with X \ K; # 0.
o= ) < pr,(XNKy) =p(XNE,) < p(X),
jeX JEXNK:

where the last inequality follows from the monotonicity of p.
Next we consider the objective value.

erdj—zfizzrjaj_z Z A

jeD i€F jEK; i€Hy jEKy : ico(5)

DI LD DR
JEK: JEKica(j)

=Y riaj— > low(i)|ay
JEK: JEK:

=Y (rj—ler(Dey by 0e(f) = per1(4))
JEK:

> (= (rj =)y (by () <7y — 1)
JEK:

=D oy
JEK:

=t- OPTSLp(t).
This completes the proof.

Lemma 4. For every vector d in Zf and every subset X of D, we have

h(d+ xx) — h(d) < h(xx) = p(X).

(12)

Proof. 1f d(j) = 0 for every client j in D, then (12) clearly holds. Assume that there exists a
client j in D with d(j) > 0. To prove (12), it suffices to prove that there exists a client j* in D

such that d(5*) > 0 and

h(d+ xx) — h(d) < h(d" + xx) — h(d"),

(13)



where the vector d* in Rf is define by d* :=d — xyj+}.
We denote by Lil > JQ > > dk the distinct values of the components of d and define

Up:={j € D|d(j) > dj}
Xp:={j € X |d(j) =dy}
Xi:={j € D\ X [d(j) = di}
Ul+ =U_1UX;
for each [ = 1,2,...,k, where define Uy := (). Define j* in D by

a client in X, if dj, #0 and X, # 0
a client in X}, if dj, £ 0 and Xj, =0
aclient in X4_1 ifdr =0 and Xj_1 # 0
a client in X;_q ifd,=0and X 1 = 0.

First we calculate the left-hand side of (13). Since

k-1
h(d) =Y (d — diy2)p(U) + di - p(Uy)

Ad+xx) = (pUF) + (di = dua = Vp(U)) + p(U}F) + di - plUR):
=1

we have
k—1

B+ xx) = h(d) = > (pUF) = o)) + p(U).
=1

Next we consider the right-hand side of (13). Assume that dp, # 0 and X, # (). In this case,

kol
—_

h(d*) = (di — di1)p(U) + p(Uk \ {57 }) + (di — 1) - p(Uk)

T
—

h(d* +xx) = (P(U¢+) + (d) — dyyr — 1)P(Uz)>
]

+p(U) + p(U \ (5}) + (di = 1) - p(Up).

I
—

Hence, we have
k—1

B +xx) = h(d) = 3 (p(U7) = p(O)) + p(UF),
=1
which implies that (13) holds.
Assume that dj, # 0 and X, = (). In this case,

N
—_

h(d*) = (i — dis1)p(U1) + p(U \ {5*}) + (di — 1) - p(Uy)

T
—_

W+ xx) = 3 (UF) + (dr = di = Dp(U)) + plUF \ 5D + di - o(UF):

N
Il
—



Hence, since U, = U, ,:r , we have

e

-1
A" +xx) = h(d?) = 3 (p(UF) = p(0)) + (U},
=1

which implies that (13) holds. R
Assume that dj, = 0 and X;_; # (). We first consider the case of dj_; > 1. In this case,
k—2

h(d*) = (di = di1)p(U1) + p(Uk—1 \ {5*}) + (dk1 = 1) - p(Uk-1)
=1
k-2

B +xx) = D (p(UF) + (d; = dia = Dp(U))
=1
+p(U1) + p(Ui—t \ {5™}) + (k-1 — 2) - p(Us—1) + p(U;).

Hence, we have
k-1

B +xx) = h(d) = 3 (p(UF) = p(O)) + p(UF),
=1

which implies that (13) holds. If dy_; = 1, then we have

k—2
h(d*) =Y (di = dig1)p(U1) + p(Ug—1 \ {5*})
=1
k—2
Pa* +xx) =Y (p(UF) + (= disa = Dp(0)) + p(UF ) + p(UF \ 157D,

Hence, we have

B+ xx) = h(d*) = 3 (pUF) = p(U)) + p(Uk1) + pUF\ 7D = p(Ua \ 47

k—1
>3 ((UF7) = (@) + p(UF),
=1

~

where the inequality follows from (2) and Uy C U;. This implies that (13) holds.
Assume that dk =0 and Xj,_; = 0. In this case,
k—2

h(d*) = (dy = diea)p(Uh) + p(Us—1 \ {5"}) + (di—1 — 1) - p(U—1)
=1
k2

A" +xx) =D (pUF) + (di = disa = Dp(U0))
=1

+ (U NG + (i1 = Dp(U) + p(UF).

Hence, since Up_1 = U,j_l, we have

E
[\

B+ xx) = h(d*) = > (p(UF") = p(U)) + p(U})

Ea
[
_

(p(U7) = (@) + p(TF):
1

~

10



This completes the proof. O

Now we are ready to prove the main result of this paper.

Theorem 5. We have
£(X17d17§01) < 3 HR . OPT7

where Hg :zl—i—%—i-'”—i-%.
Proof. 1t follows from Lemma 4 that

VtE=1,...,R: {( Xy, di,pr) — E(Xiq1, disrs prv1) < Es(Ye, Prthy). (14)
Thus, it follows from (14) that

R
§(X1,di, 1) < &(Ye, Pr ). (15)
=1

Hence, it follows from (15) and Lemmas 3, 4 that
R
f(Xl,dl,gpl 23 OPTSLP <3- HR OPTLP <3- HR OPT.

This completes the proof. O

4.1 Proof of Lemma 2

In this subsection, we prove Lemma 2. Our algorithm for S(Hy, Ky, 0¢) is essentially the same
as the algorithm proposed by Du, Lu and Xu [3] except the following differences.

e The opening cost of a facility in H; is zero.

e The connection cost between a client j in K; and a facility i in o4(j) is infinite.

For completeness, we reproduce the algorithm of Du, Lu and Xu [3] in our setting. Define a
modified opening cost f; for each facility ¢ in F' by

i fi ifie F\ H,
"o ifie H,.

Define a modified connecting cost ¢; ; for each facility ¢ in F' and each client j in K; by

R {Ci,j leEF\O'(j)
Ci,j =

oo ifie€a(y).

Notice that connecting costs do not necessarily satisfy the triangle inequality.

Our algorithm consists of two phases. In the first phase, we use a concept of time d. The
algorithm starts at = 0. Initially, we set a; := 0 for each client j in K; and ; ; := 0 for each
facility 7 in F'\ H; and each client j in K. Facilities ¢ in F' with fz > 0 are closed, and facilities
i in F' with fl = (0 are open. Every client in K; is unfrozen. Let P be the set of penalized client,
and set P := ().

The algorithm increases a; for all unfrozen clients j in K; uniformly at the unit rate J, and
declares the pair (i, j) of a facility 7 in F' and a client j in K; tight, if a;j = ¢; ;. Once the pair
(i,7) is tight, it increases f3; ; at the same rate as «; so that a; — f;; = ¢;; is satisfied. The
algorithm keeps increasing ¢ until there exists no unfrozen client. As ¢ increases, the following
events may occur.

11



Event 1. If

> Bii=1f

JEK:
for a closed facility 7 in F', then i is temporarily open. In addition, the algorithm freezes
unfrozen clients j in K; with 8; ; > 0 and we call ¢ the witness for j.

Event 2. If a; = ¢; ; for an open/temporarily open facility ¢ and an unfrozen client j, then the
algorithm freezes j and we call ¢ the witness for j.

Event 3. If

> aj = pg, (X)

JjEX
for a subset X of K}, then the algorithm freezes unfrozen clients in X and adds all elements
in X to P.

If several events occur simultaneously, the algorithm executes them in an arbitrary order.

Next we explain the second phase. Denote by T' the set of temporarily open facilities in F.
Facilities 4,7 in F are said to be dependent, if there exists a client j in K; such that £;; > 0 and
By ; > 0. In this phase, we first choose a maximal independent subset 7" of T', and facilities in
T’ are open. Then, the algorithm outputs (Y3, P, ;) defined as follows.

e Define Y; as the set of open facilities in F'\ H;.
e Define P, := P.
e For each client j in K; \ P, define ¢;(j) as an open facility ¢ in F' minimizing ¢ ;.

In the same as the proof of Lemma 3.1 of [3], we can prove that this algorithm can be implemented
in polynomial time. Furthermore, since the pair (,j) of a client j in K; and a facility 7 in o4(7)
never be tight, (Y3, P, 1) is a feasible solution of S(Hy, Ky, o).

From now on, we analyze an approximation ratio of the algorithm. In the same as Lemma 3.2
of [3], we can prove that during the algorithm’s execution, we have

> ;= pk,(P).

JEP
It follows from this observation that
aj (j € Ky), Bij (i€ Hy\ Ky, j € Ky) (16)

obtained in the first phase is a feasible solution of (11), which implies
Z aj S OPTSLP(t).
JEK:

We denote by Fyp the set of open facilities in F. For each client j in K \ P;, we denote by w(j)
the witness for j. For each open facility j in F', we denote by N; the set of clients j in K; with
Bi; > 0. Notice that N; N Ny is empty for every distinct facilities ¢, in Fop. Define

Do :={j e K;\ P, |3i€ Fop: j€N;}
D, = {jEKt\(PtUDpO)‘W(j) eFop}
Dy = Kt\(PtUDpoUDl).

12



Now we prove

Z Cope(5),d = Z Copn (), < Z Z Cij + Z aj + Z 3 ay. (17)

jEKt\Pt jEKt\Pt leFop JEN; \Pt j€D1 JE€D2

The first inequality follows from the fact that no client j in K; is not connected to facilities in
o(j). For proving the second inequality, we consider the following three cases.

Case 1. We first consider the connecting costs for clients in Dp,. For each client j in Dy,
we denote by p(j) the unique facility ¢ in Fop with j € N;. We have

cht <Zcp ,J—chm

J€Dpo J€Dpo 1€Fop JEN;

Case 2. Next we consider the connecting cost for a client 7 in Dj. Since w(j) is open and
J is not in Dyo, we have ;) ; = 0. This implies that the event 2 occurred when the algorithm
froze j, i.e., aj = Cy(5)5- Thus since w(j) is open, we have

§ :Cd)t () = E :CWJ)J E :O‘J
j€Dy jeD1 Jj€D,

Case 3. Here we consider the connectlng cost for a client j in Dy. Define ¢ := w(j). In this
case, there exist an open facility ' in F' and a client j’ in K; such that §; y > 0 and S8y j > 0.
Since f3; j» and fy j» are positive, i and i’ are not in H;. This implies that the triangle inequality
holds for ¢ ;, ¢y j, ¢ ;o and &y jr. Let t; and t; be the times at which ¢ and ¢’ are temporarily
open, respectively. In addition, the following facts immediately follow.

e Since ¢ is the witness for j, we have a; > t; and a; > ¢; ;.
e Since the pairs (¢, ) and (¢, j') are tight, we have oy > ¢; j» and oy > ¢y jr
e Since j' is frozen earlier than the time min{t;,t; }, we have ajy < min{t;,t;}.
It follows from these facts and the triangle inequality that
Cop(i)g S Cirg < Cigj + Cijr + &y < 20 + oy < 3ay.
Hence, we have

Y lunma< Y 3 ay

J€ED2 JED2

which completes the proof of (17).
Since N; N Ny is empty for every distinct facilities ¢, in F,p, we have

D fi= 2.2 B
In addition, we have

IIDILTED DD DD ICIELY)

i€ Fop jEN; i€ Fop jEN;\ P, i€ Fop JEN;

< Z ozj—i—Zaj.

JE€Dpo JEP;

13



It follows from these observations and (17) that

ZfH— Z Cnh)g T PE (B < Z a; + Zaj+ Z3-aj+22.aj

1€Y: JEK\Py J€Dpo Jje€D1 JED2 JEP;

< 3-OPTgp(t).

This completes the proof.

5

Conclusion

In this paper, we introduced the fault-tolerant facility location problem with submodular penal-

ties,

and presented a combinatorial 3 - Hg-approximation algorithm, where R is the maximum

connectivity requirement. One direction of future work is to improve an approximation ratio. To
discern whether we can extend a constant approximation algorithm for the fault-tolerant facility
location problem to our problem is interesting. Another direction is to generalize a penalty
function. In discrete convex analysis, it is known that the Lovasz extensions of submodular
functions coincide with polyhedral L-convex functions that are positively homogenous (see [10]
for discrete convex analysis). Thus, it is interesting to consider the problem in which the Lovész
extension is replaced by a more general discrete convex function.
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